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Abstract
The paper is devoted to the unification of fermions within Nonsymmetric Kaluza–Klein
Theories. We obtain a Lagrangian for fermions in Non-Abelian Kaluza–Klein Theory and Non-
Abelian Kaluza–Klein Theory with spontaneous symmetry breaking and Higgs’ mechanism.
A Lagrangian for fermions for geometrized bosonic part of GSW (Glashow–Salam–Weinberg)
model in our approach has been derived. Yukawa-type terms and mass terms coming from
higher dimensions have been obtained. In the paper 1/2-spin fields and 3/2-spin fields are
considered.
1 Introduction
The aim of the paper is to develop a formalism of the Nonsymmetric Kaluza–Klein Theory to
include fermion fields getting unification of Yukawa coupling. One wants to develop a formalism
which is able to get masses for fermions from Yukawa coupling in such a way that Yukawa
terms are coming from higher dimensions (Kaluza–Klein) theory. Simultaneously we want to get
chiral fermions. In order to do this one considers them as zero modes of the whole gauge group
manifolds. In this way one gets chiral fermions with masses from higher dimensions. A novel
approach consists in using new kind of gauge derivatives in the Nonsymmetric Kaluza–Klein
Theory and an expansion of spinor fields in zero modes of the group manifold. In the case of the
Nonsymmetric Kaluza–Klein Theory with spontaneous symmetry breaking and Higgs’ mechanism
we expand spinor fields in harmonics on H = G/G0 or S
2 getting mass terms and Yukawa-type
couplings. The use of zero modes on a group manifold allows us to avoid Planck’s mass terms for
fermions.
In the paper we consider fermions in the Nonsymmetric Kaluza–Klein Theory. We suppose
that fermions belong to fundamental representation of generalized Lorentz groups SO(1, n + 3)
(Spin(1, n + 3)), SO(1, n + n1 + 3) (Spin(1, n + n1 + 3)) or SO(1, 19) (Spin(1, 19)). We consider
0-form spinor fields (i.e. spinor fields in the usual sense) and 1-form spinor fields. Due to this
approach we get 1/2-spin fields and also 3/2-spin fields in our theory.
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The Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory (a real version) has been devel-
oped in the past (see Refs [1]–[5]). The theory unifies gravitational theory described by NGT
(Nonsymmetric Gravitational Theory, see Ref. [6]) and Yang–Mills’ fields (also electromagnetic
field). In the case of the Nonsymmetric Jordan–Thiry Theory this theory includes scalar field.
The Nonsymmetric Kaluza–Klein Theory can be obtained from the Nonsymmetric Jordan–Thiry
Theory by simply putting this scalar field to zero. In this way it is a limit of the Nonsymmetric
Jordan–Thiry Theory.
The Nonsymmetric Jordan–Thiry Theory has several physical applications in cosmology, e.g.:
(1) cosmological constant, (2) inflation, (3) quintessence, and some possible relations to the dark
matter problem. There is also a possibility to apply this theory to an anomalous acceleration
problem of Pioneer 10/11 (see Refs [7], [8]).
Simultaneously the theory unifies gravity with gauge fields in a nontrivial way via geometrical
unifications of two fundamental invariance principles in Physics: (1) the coordinate invariance
principle, (2) the gauge invariance principle. Unification on the level of invariance principles is
more important and deeper than on the level of interactions for from invariance principles we
get conservation laws (via the Noether theorem). In some sense Kaluza–Klein theory unifies the
energy-momentum conservation law with the conservation of a color (isotopic) charge (an electric
charge in an electromagnetic case).
This unification has been achieved in higher than four-dimensional world, i.e. (n+ 4)-dimen-
sional, where n = dimG, G is a gauge group for a Yang–Mills’ field, which is a semisimple
Lie group (non-Abelian). In an electromagnetic case we have G = U(1) and a unification is in
5-dimensional world (see also [9]). The unification has been achieved via a natural nonsymmetric
metrization of a fiber bundle. This metrization is right-invariant with respect to an action of a
group G. We present also an Hermitian metrization of a fiber bundle in two versions: complex and
hypercomplex. The connection on a fiber bundle of frames over a manifold P (a bundle manifold)
is compatible with a metric tensor (nonsymmetric or Hermitian in complex or hypercomplex
version). In the case of G = U(1) the geometrical structure is biinvariant with respect to an
action of U(1), in a general non-Abelian case this is only right-invariant.
The unification is nontrivial for we can get some additional effects unknown in conventional
theories of gravity and gauge fields (Yang–Mills’ or electromagnetic field). All of these effects,
which we call interference effects between gravity and gauge fields are testable in principle in
experiment or in an observation. The formalism of this unification has been described in Refs
[1]–[5], [9] (without Hermitian versions).
It is possible to extend the Nonsymmetric (non-Abelian) Kaluza–Klein Theory to the case of a
spontaneous symmetry breaking and Higgs’ mechanism (see Ref. [1]) by a nontrivial combination
of Kaluza principle (Kaluza miracle) with dimensional reduction procedure. This consists in an
extension of a base manifold of a principal fiber bundle from E (a space-time) to V = E ×M ,
where M = G/G0 is a manifold of classical vacuum states. In the case of fermion fields it is
possible to get in the formalism Yukawa terms and due to a spontaneous symmetry breaking and
Higgs’ mechanism masses for fermions.
The Nonsymmetric Kaluza–Klein Theory is an example of the geometrization of fundamental
interaction (described by Yang–Mills’ and Higgs’ fields) and gravitation according to the Einstein
program for geometrization of gravitational and electromagnetic interactions. It means an exam-
ple to create a Unified Field Theory. In the Einstein program we have to do with electromagnetism
and gravity only. Now we have to do with more degrees of freedom, unknown in Einstein times,
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i.e. GSW (Glashow–Salam–Weinberg) model, QCD, Higgs’ fields, GUT (Grand Unified Theories).
Moreover, the program seems to be the same.
We can paraphrase the definition from Ref. [10]: Unified Field Theory: any theory which
attemps to express gravitational theory and fundamental interactions theories within a single uni-
fied framework. Usually an attempt to generalize Einstein’s general theory of relativity alone to
a theory of gravity and classical theories describing fundamental interactions. In our case this
single unified framework is a multidimensional analogue of geometry from Einstein Unified Field
Theory (treated as generalized gravity) defined on principal fiber bundles with base manifolds: E
or E×V and structural groups G or H. Thus the definition from an old dictionary (paraphrased
by us) is still valid.
Some ideas on geometrization and unification of fundamental physical interactions can be
found in Ref. [11].
Summing up, Nonsymmetric Kaluza–Klein Theory connects old ideas of unitary field the-
ories (unified field theories, see Refs [12, 13] for a review) with modern applications. This is
a geometrization and unification of a bosonic part of four fundamental interactions (see also
Ref. [14]).
Let us give some sketch of the development of the Nonsymmetric Kaluza–Klein (Jordan–Thiry)
Theory. In Ref. [4] we introduced the theory in the electromagnetic case. This case has been
developed in details in Ref. [9]. Ref. [3] is devoted to a general non-Abelian case. In Ref. [1] one
can find also non-Abelian theory with spontaneous symmetry breaking and Higgs’ mechanism.
The further development of non-Abelian theory and spontaneous symmetry breaking with Higgs’
mechanism can be found in Ref. [14]. The idea of a dielectric model of color confinement in the
Nonsymmetric Kaluza–Klein Theory has been introduced in Ref. [2]. This has been developed
in Ref. [14]. The further development of a symmetry breaking in the Nonsymmetric Kaluza–
Klein Theory (a hierarchy of a symmetry breaking) can be found in Ref. [15]. Application of the
scalar field in the theory can be found in Refs [7], [8] for a Pioneer 10/11 anomaly acceleration.
Some applications of this field in cosmology can be found in Ref. [16]. Ref. [16] gives some
cosmological models with Higgs’ field and a scalar field Ψ (as a quintessence field). (Using the
same notation Ψ for a scalar field in the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory
and for spinor field Ψ or even for spinor valued 1-form Ψ cannot cause any confusion.) It deals
in great details with the cosmological evolution of Higgs’ field in the framework of cosmological
models with this scalar field Ψ for Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory. Section 2
of the paper is devoted to some details of the Nonsymmetric Kaluza–Klein Theory with (and
without) spontaneous symmetry breaking and Higgs’ mechanism. Section 3 gives many details of
application of the theory to the bosonic part of GSW (Glashow–Salam–Weinberg) model. The
application achieves several important issues:
1◦ mass spectrum of W±, Z0 bosons and Higgs’ boson agreed with an experiment,
2◦ a correct value of Weinberg angle (also with radiative corrections).
It is important to mention that in order to get a correct value for Higgs’ boson mass we should
consider complex Hermitian version of the theory. Thus an experiment chooses the correct version
of the theory among real, Hermitian (complex Hermitian, hypercomplex Hermitian).
Ref. [14] contains all the details of these three approaches. In Ref. [14] we give also some ideas
to quantize the theory using Yukawa–Efimov nonlocal quantization procedure within path integral
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quantization. Let us notice the following fact. One hundred years ago three men, A. Einstein,
D. Hilbert and O. Klein were discussing what should be a lagrangian for a gravitational field. They
decided it should be a scalar curvature for a Levi-Civita connection defined on a 4-dimensional
manifold (a space-time). In that time an additional lagrangian was known. It was a lagrangian
for an electromagnetic field −14FµνFµν coming from Maxwell equations which were known since
about fifty years. Some years later T. Kaluza designed a theory where R5 (also a scalar curvature)
on 5-dimensional manifold with additional symmetries is equal to R4 − λ24 FµνFµν (λ = 2
√
GN
c2
,
GN — a Newton constant). Now, 100 years of General Relativity, almost 150 years of Maxwell
equations and almost 100 years of Kaluza’s idea we came to the conclusion that only a scalar
curvature can be a lagrangian for unified field theory of all physical interactions. This will be
a scalar curvature of a connection defined on many-dimensional manifold with some symmetries
and additional degrees of freedom (e.g. skew-symmetric) metric. Moreover, we should consider an
action for this scalar curvature on a multi-dimensional manifold as an integral. In our approach
this multi-dimensional manifold is a bundle manifold and we integrate over the bundle manifold.
Let us notice that we geometrize Higgs’ fields, spontaneous symmetry breaking and Higgs’
mechanism according to the Einstein program. Using our achievements from Ref. [14] we can
obtain Yukawa-type terms in the lagrangian for ordinary 12 -spin fermions. In this way we are
getting Yukawa couplings and masses for fermions from higher dimensions.
Let us give the following remark on the lagrangian in a field theory and mechanics. The
lagrangian is defined as a difference between kinetic and potential energy. Let us notice the
following fact. In General Relativity a scalar curvature—a lagrangian for gravitational field—is a
pure kinetic energy. The same is for a lagrangian of a test particle (a lagrangian in mechanics).
This is also a pure kinetic energy. Further development considered in Kaluza–Klein (Jordan–
Thiry) Theory conserves this idea. In the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory
we have the same in both cases:
1◦ for a field theory (geometrized and unified),
2◦ for a mechanics (a test particle motion)—generalized Kerner–Wong–Kopczyński equation,
which is a geodetic equation obtained from variational principle, where the lagrangian is
“a pure kinetic energy” on multi-dimensional manifold.
There is nothing wrong in a conventional Higgs’ mechanism (e.g. GSW model). Moreover, the
Nonsymmetric Kaluza–Klein Theory approach gives us:
1◦ Higgs’ fields as gauge fields over “a manifold of classical vacuum states” (S2 in the case of
GSW model).
2◦ Proper spectrum of masses of W±, Z0 and Higgs’ bosons, if a geometry on S2 is complex
Hermitian (really Kählerian).
3◦ Generalized Kerner–Wong–Kopczyński equation with some additional charges coupled Higgs’
field to a test particle (with a possible test in an experiment).
The theory is not longer a phenomenological theory. We are getting Higgs’ mechanism and masses
for gauge bosons from higher dimensions.
It is a geometrical unification of gravity and electro-weak interactions as we described it
above. In our meaning all fundamental interactions should be described by a multidimensional
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linear connection defined on a nonsymmetrically metrized fiber bundle compatible with a metric
structure. A base manifold should contain a manifold of classical vacuum states. This is a bosonic
part of interaction.
Fermionic sector of our approach (our own method) should be described by a fermion field
defined on the mentioned manifold and coupled to a connection defined on the same manifold
(a bosonic sector) in a minimal way. Our minimal coupling scheme (a covariant multidimensional
coupling) has been defined in Refs [17], [18], [19], [14], [20], [21] and developed here. This minimal
coupling scheme couples effectively multidimensional spinor field Ψ to a connection which is metric
(with respect to a symmetric part of a multidimensional nonsymmetric metric, the notion of a
nonsymmetric metric is of course an abuse of a nomination, moreover it is understable). In this
way a coupling between spinor fields (12 -spin fermion fields) is consistent as in 4-dimensional case
(see Refs [22], [14], [17], [18]). We consider Ψ as zero modes on a group manifold in order to avoid
Planck’s mass terms. We described also a minimal coupling scheme of a 32 -spin field for a future
convenience using differential forms formalism.
For there is not any trace of supersymmetry and supergravity in an experiment we do not
develop supersymmetry and supergravity approach even in 32 -spin fermions case. There is of
course a place for such an approach in our method using supermanifolds with anticommuting
coordinates (see Refs [23], [24]). Moreover, we will develop it elsewhere if the experiment gives
us some important traces (future accelerators).
In the paper we consider a fermionic part of the Nonsymmetric Kaluza–Klein Theory. It
means, we couple spinor fields describing fermions to a geometry on the Kaluza–Klein manifold.
We suppose that our spinors are coupled to Levi-Civita connection defined on Kaluza–Klein
manifold generated by a symmetric part of a metric tensor γ(AB) or γ(A˜B˜). In this way we want to
get a unification of gravity and Yang–Mills’ fields, Higgs’ fields coupled to fermions. Up to now our
unification describes only a bosonic part of the theory. We work in the following way. We couple
spinors to non-Abelian Kaluza–Klein Theory via new kind of gauge derivatives. These derivatives
induce on many-dimensional manifold a new connection, which is metric but with a non-vanishing
torsion. In this way we get a consistency between differentiation of spinors and tensors (vectors).
We couple also our spinors (many-dimensional) on an extended manifold with Higgs’ fields also
(not only 4-dimensional Yang–Mills’ fields) and we give a comprehensive treatment of a spinor
coupling to a bosonic part of GSW (Glashow–Salam–Weinberg) model in our approach. We get
a unification of Yukawa coupling e.g. in GSW model. We suppose that our spinor fields are zero-
modes of
(int)
D/ operator. In this way we remove very heavy fermions (with masses of the Planck’s
mass order) from the theory. We develop these fermion fields in zero-modes functions and also in
generalized harmonics on a compact manifold M = G/G0. In the case of GSW-model we have S
2
and of course spherical harmonics. We get several interesting terms in the lagrangian for fermions
and we interpret them. We get several terms coming to mass terms and also to some mixings.
Eventually we proceed a symmetry breaking from SO(1, n+3) (Spin(1, n+3)), SO(1, n+n1+3)
(Spin(1, n + n1 + 3)) or SO(1, 19) (Spin(1, 19)) to a Lorentz group SO(1, 3) (SL(2,C)) getting
a tower of spinor fields (0-forms and 1-forms). Spinors (zero modes) are coupled by new gauge
derivatives. This is a new point.
Let us give some remarks on a coupling between Rarita–Schwinger field (32 -spin fermion field)
and gravity. For a very long time a coupling between gravity and 32 -spin fields was badly defined.
In [25], [26] a new coupling was introduced between gravity and Rarita–Schwinger fields, which
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solved the problem of coupling to gravity. It was obtained by two independent ways. In super-
gravitation theory [25], and by using the formalism of differential forms [26]. We are using
the second approach and extending it to the Kaluza–Klein theory. The minimal coupling for
Rarita–Schwinger fields to an electromagnetic field (in general, to any gauge field) is inconsistent
for we have the Velo–Zwanziger paradox [27] in the scheme. The Rarita–Schwinger equation is
relativistically covariant but solutions can be acausal. This happens due to algebraic constraints
which are differential consequences of the Rarita–Schwinger equation [27], [28]. These constraints
depend on the strength of the electromagnetic field. In the paper [29] we consider new kinds
of gauge derivatives for spin-32 fields (see [17], [18]). In such a way we generalize the minimal
coupling scheme. We use differential forms for Rarita–Schwinger fields as in [26]. But we define
spin-32 fields on the Kaluza–Klein manifold. This is of course a 5-dimensional case. From this we
get a new term in the lagrangian. This term describes the interaction between the electromagnetic
field and a dipole electric moment of the 32 -spinor field of value about 10
−31 [cm] q (see Ref. [29]).
Thus this term is very small. The term is an “interference” effect between the gravitational and
electromagnetic fields. It breaks PC and T and is similar to a term given in Refs [17], [18], [20]. Our
new term has an important consequence. Namely, it implies that the first differential consequences
for the Rarita–Schwinger equation (obtained from this lagrangian) are differential equations. We
do not obtain algebraic constraints involving electromagnetic field. Thus the Velo–Zwanziger
paradox is avoided. In Ref. [30] one gets also a nonminimal coupling between the Rarita–Schwinger
field and an electromagnetic field. The additional term in Ref. [30] does not violate the PC
symmetry and is much different from our term. The most fundamental difference between N = 2
supergravity approach (see Ref. [30]) and our approach (see Ref. [29]) consists not only in the PC
breaking, but in the fact that our Rarita–Schwinger field is charged and Rarita–Schwinger field in
Ref. [30] is uncharged. In this way we have the ordinary coupling between the electromagnetic field
and the Rarita–Schwinger field plus new term, and we avoid the Velo–Zwanziger paradox. In [30]
this does not occur, because Rarita–Schwinger field is uncharged and the paradox does not take
place. However, we pay a price for avoiding the Velo–Zwanziger paradox. Our theory breaks PC.
Fortunately this breaking is very small. We point out that our theory is not a supergravity-like
theory, and we do not use anticommuting Majorana spinors.
Afterwards we consequently develop the formalism in the non-Abelian Kaluza–Klein Theory.
The coupling between 32 -spin field is consistently using differential forms formalism (see Ref. [20]).
This coupling (in Ref. [20]) is a generalization of a minimal coupling scheme and is going to some
kind of PC-breaking terms (of the same order as in 5-dimensional case). In the paper we extend
the approach to the case with spontaneous symmetry breaking and Higgs’ mechanism. Moreover,
the paper is devoted basically to 12 -spin fermion fields. All the fields considered here are zero
modes of the group manifold, which is different from previous approaches (see Refs [20], [31],
[32]). This is supposed in order to avoid Planck’s mass terms in the lagrangian for fermion fields.
A detailed formalism for 32 -spin fermion fields will be developed elsewhere as we mention in the
text. We expect to avoid the Velo–Zwanziger paradox also in the case with spontaneous symmetry
breaking and Higgs’ mechanism, getting also Yukawa-type terms. The absence of Velo–Zwanziger
paradox is quite obvious because differential consequences of the field equation for 32 -spin fermion
field are here differential equations, not algebraic constraints.
The paper is divided into five sections. In the second section we describe the Nonsymmetric
Kaluza–Klein Theory in general non-Abelian case and also with a spontaneous symmetry breaking
taken into account. In the third section we describe a bosonic part of GSW-model in the theory.
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In the fourth section we deal with spinor fields on a manifold P . The fifth section is devoted to
the lagrangian of fermions in the theory. We consider and discuss several possibilities of such a
lagrangian. We find several interesting terms in lagrangians. We develop (as we mentioned before)
spinor fields into a generalized Fourier series of generalized harmonics and zero-modes function
of
(int)
D/ . We consider also the problem of chiral fermions using arguments of Atiyah–Singer index
theorem. Eventually we proceed a symmetry breaking to the Lorentz group getting a tower of
spinor fields. This is a new point in the Nonsymmetric Kaluza–Klein Theory.
In Appendix A we give some elements of Clifford algebras and Dirac matrices applicable for
our theory. In Appendix B we consider covariant derivatives in our theory. Appendix C is devoted
to Atiyah–Singer index theorem applicable for
(int)
D/ elliptic operator defined on a compact group
G or H. In Conclusions we give some prospects for further research.
2 Elements of the Nonsymmetric Kaluza–Klein Theory in gen-
eral non-Abelian case and with spontaneous symmetry break-
ing and Higgs’ mechanism
Let P be a principal fiber bundle over a space-time E with a structural group G which is a
semisimple Lie group. On a space-time E we define a nonsymmetric tensor gµν = g(µν) + g[µν]
such that
g = det(gµν) 6= 0
g˜ = det(g(µν)) 6= 0.
(2.1)
g[µν] is called as usual a skewon field (e.g. in NGT, see Refs [6, 9]). We define on E a nonsymmetric
connection compatible with gµν such that
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ (2.2)
where D is an exterior covariant derivative for a connection ωαβ = Γ
α
βγθ
γ and Qαβδ is its torsion.
We suppose also
Qαβα(Γ ) = 0. (2.3)
We introduce on E a second connection
Wαβ =W
α
βγθ
γ (2.4)
such that
Wαβ = ω
α
β − 23 δαβW (2.5)
W =W γθ
γ = 12(W
σ
γσ −W σσγ)θγ . (2.6)
Now we turn to nonsymmetric metrization of a bundle P . We define a nonsymmetric tensor
γ on a bundle manifold P such that
γ = π∗g ⊕ ℓabθα ⊗ θb (2.7)
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where π is a projection from P to E. On P we define a connection ω (a 1-form with values in a Lie
algebra g of G). In this way we can introduce on P (a bundle manifold) a frame θA = (π∗(θα), θa)
such that
θa = λωa, ω = ωaXa, a = 5, 6, . . . , n+ 4, n = dimG = dim g, λ = const.
Thus our nonsymmetric tensor looks like
γ = γABθ
A ⊗ θB, A,B = 1, 2, . . . , n+ 4, (2.8)
ℓab = hab + µkab, (2.9)
where hab is a biinvariant Killing–Cartan tensor on G and kab is a right-invariant skew-symmetric
tensor on G, µ = const.
We have
hab = C
c
adC
d
bc = hab
kab = −kba
(2.10)
Thus we can write
γ(X,Y ) = g(π′X,π′Y ) + λ2h(ω(X), ω(Y )) (2.11)
γ(X,Y ) = g(π′X,π′Y ) + λ2k(ω(X), ω(Y )) (2.12)
(Cabc are structural constants of the Lie algebra g).
γ is the symmetric part of γ and γ is the antisymmetric part of γ. We have as usual
[Xa,Xb] = C
c
abXc (2.13)
and
Ω =
1
2
Haµνθ
µ ∧ θν (2.14)
is a curvature of the connection ω,
Ω = dω +
1
2
[ω, ω]. (2.15)
The frame θA on P is partially nonholonomic. We have
dθa =
λ
2
(
Haµνθ
µ ∧ θν − 1
λ2
Cabcθ
b ∧ θc
)
6= 0 (2.16)
even if the bundle P is trivial, i.e. for Ω = 0. This is different than in an electromagnetic case
(see Ref. [3]). Our nonsymmetric metrization of a principal fiber bundle gives us a right-invariant
structure on P with respect to an action of a group G on P (see Ref. [3] for more details). Having
P nonsymmetrically metrized one defines two connections on P right-invariant with respect to an
action of a group G on P . We have
γAB =
(
gαβ 0
0 ℓab
)
(2.17)
in our left horizontal frame θA.
DγAB = γADQ
D
BC(Γ )θ
C (2.18)
QDBD(Γ ) = 0 (2.19)
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where D is an exterior covariant derivative with respect to a connection ωAB = Γ
A
BCθ
C on P
and QABC(Γ ) its torsion. One can solve Eqs (2.18)–(2.19) getting the following results
ωAB =
(
π∗(ωαβ)− ℓdbgµαLdµβθb Laβγθγ
ℓbdg
αβ(2Hdγβ − Ldγβ)θγ ω˜ab
)
(2.20)
where gµα is an inverse tensor of gαβ
gαβg
γβ = gβαg
βγ = δγα, (2.21)
Ldγβ = −Laβγ is an Ad-type tensor on P such that
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ , (2.22)
ω˜ab = Γ˜
a
bcθ
c is a connection on an internal space (typical fiber) compatible with a metric ℓab such
that
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (2.23)
Γ˜ aba = 0, Γ˜
a
bc = −Γ˜ acb (2.24)
and of course Q˜aba(Γ˜ ) = 0 where Q˜
a
bc(Γ ) is a torsion of the connection ω˜
a
b.
We also introduce an inverse tensor of g(αβ)
g(αβ)g˜
(αγ) = δγβ . (2.25)
We introduce a second connection on P defined as
WAB = ω
A
B − 4
3(n + 2)
δABW. (2.26)
W is a horizontal one form
W = horW (2.27)
W =W νθ
ν = 12(W
σ
νσ −W σσν). (2.28)
In this way we define on P all analogues of four-dimensional quantities from NGT (see Refs
[6, 33, 34, 35]). It means, (n+4)-dimensional analogues from Moffat theory of gravitation, i.e. two
connections and a nonsymmetric metric γAB. Those quantities are right-invariant with respect to
an action of a group G on P . One can calculate a scalar curvature of a connection WAB getting
the following result (see Refs [1, 3]):
R(W ) = R(W )− λ
2
4
(
2ℓcdH
cHd − ℓcdLcµνHdµν
)
+ R˜(Γ˜ ) (2.29)
where
R(W ) = γAB
(
RCABC(W ) +
1
2 R
C
CAB(W )
)
(2.30)
is a Moffat–Ricci curvature scalar for the connection WAB, R(W ) is a Moffat–Ricci curvature
scalar for the connectionWαβ, and R˜(Γ˜ ) is a Moffat–Ricci curvature scalar for the connection ω˜
a
b,
Ha = g[µν]Haµν (2.31)
Laµν = gαµgβνLaαβ. (2.32)
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Usually in ordinary (symmetric) Kaluza–Klein Theory one has λ = 2
√
GN
c2 , where GN is a New-
tonian gravitational constant and c is the speed of light. In our system of units GN = c = 1 and
λ = 2. This is the same as in Nonsymmetric Kaluza–Klein Theory in an electromagnetiic case
(see Refs [4, 9]). In the non-Abelian Kaluza–Klein Theory which unifies GR and Yang–Mills field
theory we have a Yang–Mills lagrangian and a cosmological term. Here we have
LYM = − 1
8π
ℓcd
(
2HcHd − LcµνHdµν
)
(2.33)
and R˜(Γ˜ ) plays a role of a cosmological term.
In order to incorporate a spontaneous symmetry breaking and Higgs’ mechanism in our geo-
metrical unification of gravitation and Yang–Mills’ fields we consider a fiber bundle P over a base
manifold E × G/G0, where E is a space-time, G0 ⊂ G, G0, G are semisimple Lie groups. Thus
we are going to combine a Kaluza–Klein theory with a dimensional reduction procedure.
Let P be a principal fiber bundle over V = E ×M with a structural group H and with a
projection π, where M = G/G0 is a homogeneous space, G is a semisimple Lie group and G0 its
semisimple Lie subgroup. Let us suppose that (V, γ) is a manifold with a nonsymmetric metric
tensor
γAB = γ(AB) + γ[AB]. (2.34)
The signature of the tensor γ is ( +−−−, −−− · · · −︸ ︷︷ ︸
n1
). Let us introduce a natural frame on P
θA˜ = (π∗(θA), θ0 = λωa), λ = const. (2.35)
It is convenient to introduce the following notation. Capital Latin indices with tilde A˜, B˜, C˜
run 1, 2, 3, . . . ,m + 4, m = dimH + dimM = n + dimM = n + n1, n1 = dimM , n = dimH.
Lower Greek indices α, β, γ, δ = 1, 2, 3, 4 and lower Latin indices a, b, c, d = n1 + 5, n2 + 5, . . . ,
n1 + 6, . . . ,m + 4. Capital Latin indices A,B,C = 1, 2, . . . , n1 + 4. Lower Latin indices with
tilde a˜, b˜, c˜ run 5, 6, . . . , n1+4. The symbol “ ” over θ
A and other quantities indicates that these
quantities are defined on V . We have of course
n1 = dimG− dimG0 = n2 − (n2 − n1),
where dimG = n2, dimG0 = n2 − n1, m = n1 + n.
On the group H we define a bi-invariant (symmetric) Killing–Cartan tensor
h(A,B) = habA
aBb. (2.36)
We suppose H is semisimple, it means det(hab) 6= 0. We define a skew-symmetric right-invariant
tensor on H
k(A,B) = kbcA
bBc, kbc = −kcb.
Let us turn to the nonsymmetric metrization of P .
κ(X,Y ) = γ(X,Y ) + λ2ℓabω
a(X)ωb(Y ) (2.37)
where
ℓab = hab + ξkab (2.38)
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is a nonsymmetric right-invariant tensor on H. One gets in a matrix form (in the natural frame
(2.35))
κA˜B˜ =
(
γAB 0
0 ℓab
)
, (2.39)
det(ℓab) 6= 0, ξ = const and real, then
ℓabℓ
ac = ℓbaℓ
ca = δcb. (2.40)
The signature of the tensor κ is (+,−−−,− · · · −︸ ︷︷ ︸
n1
, −− · · · −︸ ︷︷ ︸
n
). As usual, we have commutation
relations for Lie algebra of H, h
[Xa,Xb] = C
c
abXc. (2.41)
This metrization of P is right-invariant with respect to an action of H on P .
Now we should nonsymmetrically metrize M = G/G0. M is a homogeneous space for G (with
left action of group G). Let us suppose that the Lie algebra of G, g has the following reductive
decomposition
g = g0 +˙ m (2.42)
where g0 is a Lie algebra of G0 (a subalgebra of g) and m (the complement to the subalgebra g0)
is AdG0 invariant, +˙ means a direct sum. Such a decomposition might be not unique, but we
assume that one has been chosen. Sometimes one assumes a stronger condition for m, the so
called symmetry requirement,
[m,m] ⊂ g0. (2.43)
Let us introduce the following notation for generators of g:
Yi ∈ g, Yı˜ ∈ m, Yaˆ ∈ g0. (2.44)
This is a decomposition of a basis of g according to (2.42). We define a symmetric metric on M
using a Killing–Cartan form on G in a classical way. We call this tensor h0.
Let us define a tensor field h0(x) on G/G0, x ∈ G/G0, using tensor field h on G. Moreover,
if we suppose that h is a biinvariant metric on G (a Killing–Cartan tensor) we have a simpler
construction.
The complement m is a tangent space to the point {εG0} of M , ε is a unit element of G. We
restrict h to the space m only. Thus we have h0({εG0}) at one point of M . Now we propagate
h0({fG0}) using a left action of the group G
h0({fG0}) = (L−1f )∗(h0({εG0})).
h0({εG0}) is of course AdG0 invariant tensor defined on m and L∗fh0 = h0.
We define on M a skew-symmetric 2-form k0. Now we introduce a natural frame on M . Let
f ijk be structure constants of the Lie algebra g, i.e.
[Yj , Yk] = f
i
jkYi. (2.45)
Yj are generators of the Lie algebra g. Let us take a local section σ : V → G/G0 of a natural bundle
G 7→ G/G0 where V ⊂ M = G/G0. The local section σ can be considered as an introduction of
a coordinate system on M .
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Let ωMC be a left-invariant Maurer–Cartan form and let
ωσMC = σ
∗ωMC . (2.46)
Using decomposition (2.42) we have
ωσMC = ω
σ
0 + ω
σ
m = θ̂
ıŶı + t
a˜Ya˜. (2.47)
It is easy to see that θa˜ is the natural (left-invariant) frame on M and we have
h0 = h0a˜b˜θ
a˜ ⊗ θb˜ (2.48)
k0 = k0a˜b˜θ
a˜ ∧ θb˜. (2.49)
According to our notation a˜, b˜ = 5, 6, . . . , n1 + 4.
Thus we have a nonsymmetric metric on M
γa˜b˜ = r
2(h0a˜b˜ + ζk0a˜b˜) = r2ga˜b˜. (2.50)
Thus we are able to write down the nonsymmetric metric on V = E ×M = E ×G/G0
γAB =
(
gαβ 0
0 r2ga˜b˜
)
(2.51)
where
gαβ = g(αβ) + g[αβ]
ga˜b˜ = h
0
a˜b˜ + ζk
0
a˜b˜
k0a˜b˜ = −k0b˜a˜
h0a˜b˜ = h
0
b˜a˜,
α, β = 1, 2, 3, 4, a˜, b˜ = 5, 6, . . . , n1 + 4 = dimM + 4 = dimG − dimG0 + 4. The frame θa˜ is
unholonomic:
dθa˜ =
1
2
κa˜b˜c˜θ
b˜ ∧ θc˜ (2.52)
where κa˜b˜c˜ are coefficients of nonholonomicity and depend on the point of the manifoldM = G/G0
(they are not constant in general). They depend on the section σ and on the constants f a˜b˜c˜.
We have here three groups H,G,G0. Let us suppose that there exists a homomorphism µ
between G0 and H,
µ : G0 → H (2.53)
such that a centralizer of µ(G0) in H, C
µ is isomorphic to G. Cµ, a centralizer of µ(G0) in H,
is a set of all elements of H which commute with elements of µ(G0), which is a subgroup of H.
This means that H has the following structure, Cµ = G.
µ(G0)⊗G ⊂ H. (2.54)
If µ is a isomorphism between G0 and µ(G0) one gets
G0 ⊗G ⊂ H. (2.55)
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Let us denote by µ′ a tangent map to µ at a unit element. Thus µ′ is a differential of µ acting on
the Lie algebra elements. Let us suppose that the connection ω on the fiber bundle P is invariant
under group action of G on the manifold V = E ×G/G0. According to Refs [36, 37, 38, 39] this
means the following.
Let e be a local section of P , e : V ⊂ U → P and A = e∗ω. Then for every g ∈ G there exists
a gauge transformation ρg such that
f∗(g)A = Adρ−1g A+ ρ
−1
g dgg, (2.56)
f∗ means a pull-back of the action f of the group G on the manifold V . According to Refs
[37, 38, 39, 40, 41, 42] (see also Refs [43, 44, 45]) we are able to write a general form for such
an ω. Following Ref. [39] we have
ω = ω˜E + µ
′ ◦ ωσ0 + Φ ◦ ωσm. (2.57)
(An action of a group G on V = E × G/G0 means left multiplication on a homogeneous space
M = G/G0.) where ω
σ
0 + ω
σ
m = ω
σ
MC are components of the pull-back of the Maurer–Cartan
form from the decomposition (2.47), ω˜E is a connection defined on a fiber bundle Q over a space-
time E with structural group Cµ and a projection πE. Moreover, C
µ = G and ω˜E is a 1-form
with values in the Lie algebra g. This connection describes an ordinary Yang–Mills’ field gauge
group G = Cµ on the space-time E. Φ is a function on E with values in the space S˜ of linear
maps
Φ : m→ h (2.58)
satisfying
Φ([X0,X]) = [µ
′X0, Φ(X)], X0 ∈ g0. (2.59)
Thus
ω˜E = ω˜
i
EYi, Yi ∈ g,
ωσ0 = θ̂
ıŶı, Ŷı ∈ g0,
ωσm = θ
a˜Ya˜, Ya˜ ∈ m.
(2.60)
Let us write condition (2.57) in the base of left-invariant form θ̂ı, θa˜, which span respectively
dual spaces to g0 and m (see Refs [46, 47]). It is easy to see that
Φ ◦ ωσm = Φaa˜(x)θa˜Xa, Xa ∈ h (2.61)
and
µ′ = µaı̂θ̂
ıXa. (2.62)
From (2.59) one gets
Φc
b˜
(x)f b˜
ı̂a˜
= µa
ı̂
Φba˜(x)C
c
ab (2.63)
where f b˜
ı̂a˜
are structure constants of the Lie algebra g and Ccab are structure constants of the Lie
algebra h. Eq. (2.63) is a constraint on the scalar field Φaa˜(x). For a curvature of ω one gets
Ω =
1
2
HCABθ
A ∧ θBXC = 1
2
H˜ iµνθ
µ ∧ θναciXc +
gauge
∇µ Φca˜θµ ∧ θa˜Xc
+
1
2
CcabΦ
a
a˜Φ
b
b˜
θa˜ ∧ θb˜Xc − 1
2
Φc
d˜
f d˜
a˜b˜
θa˜ ∧ θb˜Xc − µcı̂f ı̂a˜b˜θa˜ ∧ θb˜Xc. (2.64)
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Thus we have
Hcµν = α
c
iH˜
i
µν (2.65)
Hcµa˜ =
gauge
∇µ Φca˜ = −Hca˜µ (2.66)
Hca˜b˜ = C
c
ab · Φaa˜Φbb˜ − µcı̂f ı̂a˜b˜ − Φcd˜f d˜a˜b˜ (2.67)
where
gauge
∇µ means gauge derivative with respect to the connection ω˜E defined on a bundle Q over
a space-time E with a structural group G
Yi = α
c
iXc. (2.68)
H˜ iµν is the curvature of the connection ωE in the base {Yi}, generators of the Lie algebra of the
Lie group G, g, αci is the matrix which connects {Yi} with {Xc}. Now we would like to remind
that indices a, b, c refer to the Lie algebra h, a˜, b˜, c˜ to the space m (tangent space to M), ı̂, ̂, k̂ to
the Lie algebra g0 and i, j, k to the Lie algebra of the group G, g. The matrix α
c
i establishes a
direct relation between generators of the Lie algebra of the subgroup of the group H isomorphic
to the group G.
Let us come back to a construction of the Nonsymmetric Kaluza–Klein Theory on a mani-
fold P . We should define connections. First of all, we should define a connection compatible with
a nonsymmetric tensor γAB , Eq. (2.51),
ωAB = Γ
A
BCθ
C (2.69)
DγAB = γADQ
D
BC(Γ )θ
C (2.70)
QDBD(Γ ) = 0
where D is the exterior covariant derivative with respect to ωAB and Q
D
BC(Γ ) its torsion.
Using (2.51) one easily finds that the connection (2.69) has the following shape
ωAB =
(
π∗E(ω
α
β) 0
0 ̂¯ωa˜b˜
)
(2.71)
where ωαβ = Γ
α
βγθ
γ is a connection on the space-time E and ω̂a˜b˜ = Γ̂
a˜
b˜c˜θ
c˜ on the manifold
M = G/G0 with the following properties
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ = 0 (2.72)
Qαβα(Γ ) = 0 (2.73)
D̂ga˜b˜ = ga˜d˜Q̂
d˜
b˜c˜(Γ̂ ). (2.74)
Q̂d˜b˜d˜(Γ̂ ) = 0
D is an exterior covariant derivative with respect to a connection ωαβ. Q
α
βγ is a tensor of
torsion of a connection ωαβ. D̂ is an exterior covariant derivative of a connection ω̂
a˜
b˜ and Q̂
a˜
b˜c˜(Γ̂ )
its torsion.
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On a space-time E we also define the second affine connection Wαβ such that
Wαβ = ω
α
β − 2
3
δαβW, (2.75)
where
W = W γθ
γ = 12(W
σ
γσ −W σγσ).
We proceed a nonsymmetric metrization of a principal fiber bundle P according to (2.51). Thus
we define a right-invariant connection with respect to an action of the group H compatible with
a tensor κA˜B˜
DκA˜B˜ = κA˜D˜Q
D˜
B˜C˜(Γ )θ
C˜ (2.76)
QD˜B˜D˜(Γ ) = 0
where ωA˜B˜ = Γ
A˜
B˜C˜ θ˜
C˜ . D is an exterior covariant derivative with respect to the connection ωA˜B˜
and QA˜B˜C˜ its torsion. After some calculations one finds
ωA˜B˜ =
(
π∗(ωAB)− ℓdbγMALdMBθb LaBCθC
ℓbdγ
AB(2HdCB − LdCB)θC ω˜ab
)
(2.77)
where
LdMB = −LdBM (2.78)
ℓdcγMBγ
CMLdCA + ℓcdγAMγ
MCLdBC = 2ℓcdγAMγ
MCHdBC , (2.79)
LdCA is Ad-type tensor with respect to H (Ad-covariant on P )
ω˜ab = Γ˜
a
bcθ
c (2.80)
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (2.81)
Γ˜ dac = −Γ˜ dca, Γ˜ dad = 0. (2.82)
We define on P a second connection
W A˜B˜ = ω
A˜
B˜ −
4
3(m+ 2)
δA˜B˜W. (2.83)
Thus we have on P all (m+ 4)-dimensional analogues of geometrical quantities from NGT, i.e.
W A˜B˜ , ω
A˜
B˜ and κA˜B˜ .
3 GSW (Glashow–Salam–Weinberg) model in the Nonsymmet-
ric Kaluza–Klein Theory
Let P be a principal fiber bundle
P = (P, V, π,H,H) (3.1)
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over the base space V = E × S2 (where E is a space-time, S2—a two-dimensional sphere) with a
projection π, a structural group H, a typical fiber H and a bundle manifold P . We suppose that
H is semisimple. Let us define on P a connection ω which has values in a Lie algebra of H, h. Let
us suppose that a group SO(3) is acting on S2 in a natural way. We suppose that ω is invariant
with respect to an action of the group SO(3) on V in such a way that this action is equivalent to
SO(3) action on S2. This is equivalent to the condition (2.56). If we take a section e : E → P we
get
e∗ω = AaAθAXa = AAθA (3.2)
where θA is a frame on V and Xa are generators of the Lie algebra h.
[Xa,Xb] = C
c
abXc. (3.3)
We define a curvature of the connection ω
Ω = dω +
1
2
[ω, ω]. (3.4)
Taking a section e
e∗Ω =
1
2
F aABθ
A ∧ θBXa = 1
2
FABθ
A ∧ θB (3.5)
F aAB = ∂AA
a
B − ∂BAaA − CacbAcAAcB. (3.6)
Let us consider a local coordinate systems on V . One has xA = (xµ, ψ, ϕ) where xµ are
coordinate system on E, θµ = dxµ, and ψ and ϕ are polar and azimuthal angles on S2, θ5 = dψ,
θ6 = dϕ. We have A,B,C = 1, 2, . . . , 6, µ = 1, 2, 3, 4. Let us introduce vector fields on V
corresponding to the infinitesimal action of SO(3) on V (see Ref. [40]). These vector fields are
called δm = (δ
A
m), m = 1, 2, 3, A = 1, 2, . . . , 6. Moreover, they are acting only on the last two
dimensions (A,B = 5, 6, a˜, b˜ = 5, 6). We get:
δµm¯ = 0 and
δψ1 = cosϕ, δ
ϕ
1 = − cotψ sinϕ,
δψ2 = − sinϕ, δϕ2 = − cotψ cosϕ,
δψ3 = 0, δ
ϕ
3 = 1.
(3.7)
They satisfy commutation relation of the Lie algebra A1 of a group SO(3),
δAm¯∂Aδ
B
n¯ − δAn¯ ∂AδBm¯ = εm¯n¯p¯δBp¯ . (3.8)
The gauge field AA is spherically symmetric (invariant with respect to an action of a group SO(3))
iff for some Vm¯—a field on V with values in the Lie algebra h—
∂Bδ
A
m¯AA + δ
A
m¯∂AAB = ∂BVm¯ − [AB , Vm¯]. (3.9)
It means that
L
δm¯
AA = ∂BVm¯ − [AA, Vm¯], (3.10)
a Lie derivative of AA with respect to δm¯ results in a gauge transformation (see also Eq. (2.56)).
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Eq. (3.10) is satisfied if
V1 = Φ3
sinϕ
sinψ
, V2 = Φ3
cosϕ
sinψ
, V3 = 0 (3.11)
and
Aµ = Aµ(x), Aψ = −Φ1(x) = A5 = Φ5, Aϕ = Φ2(x) sinψ − Φ3 cosψ = A6 = Φ6 (3.12)
with the following constraints
[Φ3, Φ1] = −Φ2,
[Φ3, Φ2] = Φ1,
[Φ3, Aµ] = 0.
(3.13)
Aµ, Φ1, Φ2 are fields on E with values in the Lie algebra of H(h), Φ3 is a constant element of
Cartan subalgebra of h. Let us introduce some additional elements according to the Nonsymmetric
Hermitian Kaluza–Klein Theory. According to Section 2 we have on E a nonsymmetric Hermitian
tensor gµν , connections ω
α
β and W
α
β. On S
2 we have a nonsymmetric metric tensor
γa˜b˜ = r
2ga˜b˜ = r
2(h0a˜b˜ + ζk0a˜b˜) (3.14)
where r is the radius of a sphere S2 and ζ is considered to be pure imaginary,
h0a˜b˜ =
(
−1 0
0 − sin2 ψ
)
(3.15)
k0a˜b˜ =
(
0 sinψ
− sinψ 0
)
(3.16)
and a connection compatible with this nonsymmetric metric
ga˜b˜ =
5 6(
−1 ζ sinψ
−ζ sinψ − sin2 ψ
)
5
6
(3.17)
g˜ = det(ga˜b˜) = sin
2 ψ(1 + ζ2) (3.18)
ga˜b˜ =
1
sin2 ψ(1 + ζ2)
5 6(
− sin2 ψ −ζ sinψ
ζ sinψ −1
)
5
6
, (3.19)
a˜, b˜ = 5, 6. In this way we have to do with Kählerian structure on S2 (Riemannian, symplectic and
complex which are compatible). This seems to be very interesting in further research connecting
unification of all fundamental interactions. On H we define a nonsymmetric metric
ℓab = hab + ξkab (3.20)
where kab is a right-invariant skew-symmetric 2-form on H.
One can rewrite the constraints (3.13) in the form
[Φ3, Φ] = iΦ
[Φ3, Φ˜] = −iΦ˜
[Φ3, Aµ] = 0
(3.21)
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where Φ = Φ1 + iΦ2, Φ˜ = Φ1 − iΦ2 (see Ref. [40]).
In this way our 6-dimensional gauge field (a connection on a fiber bundle) has been reduced to
a 4-dimensional gauge one (a connection on a fiber bundle over a space-time E) and a collection of
scalar fields defined on E satisfying some constraints. According to our approach there is defined
on S2 a nonsymmetric connection compatible with a nonsymmetric tensor ga˜b˜, a˜, b˜ = 5, 6,
D̂ga˜b˜ = ga˜d˜Q
d˜
b˜c˜(Γ̂ )θ
c˜
Qd˜b˜d˜(Γ˜ ) = 0
(3.22)
where D̂ is an exterior covariant derivative with respect to a connection ω̂a˜b˜ = Γ̂
a˜
b˜c˜θ
c˜ and Qd˜b˜c˜(Γ̂ )
its torsion.
Let us metrize a bundle P in a nonsymmetric way. On V we have nonsymmetric tensor (see
Ref. [1])
γAB =
(
gµν 0
0 r2ga˜b˜
)
(3.23)
and a nonsymmetric connection ωAB = Γ
A
BCθ
C compatible with this tensor
DγAB = γADQ
D
BC(Γ )θ
C
QDBD(Γ ) = 0.
(3.24)
The form of this connection is as follows
ωAB =
(
ωαβ 0
0 ω̂a˜b˜
)
(3.25)
where D is an exterior covariant derivative with respect to ωAB and Q
D
BC(Γ ) its torsion.
Afterwards we define on P a nonsymmetric tensor
κA˜B˜θ
A˜ ⊗ θB˜ = π∗(γABθA ⊗ θB) + ℓabθa ⊗ θb (3.26)
where
θA˜ = (π∗(θA), λωa), (3.27)
ω = ω0Xa is a connection defined on P (A˜, B˜, C˜ = 1, 2, . . . , n+ 6).
We define on P two connections ωAB and W
A
B such that ω
A
B is compatible with a nonsym-
metric tensor κA˜B˜ ,
DκA˜B˜ = κA˜D˜Q
D˜
B˜C˜(Γ )θ
C˜
QD˜B˜D˜(Γ ) = 0,
(3.28)
where D is an exterior covariant derivative with respect to a connection ωA˜B˜ and Q
D˜
B˜C˜(Γ ) its
torsion.
The second connection
W A˜B˜ = ω
A˜
B˜ −
4
3(n + 4)
δA˜B˜W (n = dimH). (3.29)
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In this way we have all quantities known from Section 2. We calculate a scalar of curvature
(Moffat–Ricci) for a connection W A˜B˜ and afterwards an action
S = − 1
V1V2
∫
U
√−g d4x
∫
H
√
|ℓ| dnx
∫
S2
√
|g˜| dΩ R(W )
= − 1
r2V1V2
∫
U
√−g d4x
∫
S2
√
|g˜| dΩ
(
R(W )
+
8πGN
c4
(
LYM + 1
4πr2
Lkin(∇Φ)− 1
8πr2
V (Φ)− 1
2πr2
Lint(Φ, A˜)
)
+ λc
)
(3.30)
where V1 =
∫
U
√|ℓ| dnx, V2 = ∫S2 √|g˜| dΩ, U ⊂ E,
λc =
(α2s
ℓ2pl
R˜(Γ˜ ) +
1
r2
P˜
)
(3.31)
where R˜(Γ˜ ) is a Moffat–Ricci curvature scalar on a group H (see Section 3 for details).
P˜ =
1
V2
∫
S2
√
|g˜| dΩ R̂(Γ̂ ) (3.32)
where R̂(Γ̂ ) is a Moffat–Ricci curvature scalar on S2 for a connection ω̂a˜b˜.
LYM = − 1
8π
ℓij
(
H˜(iH˜j) − L˜iµνH˜jµν
)
(3.33)
where
ℓijgµβg
γµL˜iγα + ℓjigαµg
µγL˜iβγ = 2ℓjigαµg
µγH˜ iβγ (3.34)
One gets from (2.78)
Lba˜b˜ = h
bcℓcdH
d
b˜a˜, (3.35)
V (Φ) = − 1
V2
∫ √
|g˜| dΩ (2hcd(Hca˜b˜ga˜b˜)(Hdc˜d˜gc˜d˜)− ℓcdga˜m˜gb˜n˜Lca˜b˜Hdm˜n˜)
=
1
V2
2π2√
1 + ζ2
κ
(
(εr¯s¯t¯Φt¯ + [Φr¯, Φs¯]), (εr¯s¯t¯Φt¯ + [Φr¯, Φs¯])
)
(3.36)
κde = (1− 2ζ2)hde + ξ2kcdkce (3.37)
where
kcd = h
cfkfd (3.38)
V2 =
∫
S2
√
|g˜| dΩ = 4π
√
1 + ζ2, (3.39)
r, s, t = 1, 2, 3, εr¯s¯t¯ is a usual antisymmetric symbol ε123 = 1.
We get also from (2.78)
ℓdcgµβg
γµLdγa˜ + ℓcdL
d
βa˜ = 2ℓcdF
c
βa˜. (3.40)
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Using the equation (see Ref. [5])
Lnωm˜ =
gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜ −
(
ζ
gauge
∇ω Φna˜h0a˜d˜k0d˜m˜ + g˜(αµ)
gauge
∇α Φnm˜g[µω]
)
− 2ξζknd
gauge
∇ω Φdd˜g˜(δα)g[αω]h0d˜a˜k0a˜m˜ + ξknd
(
ζ2hd˜a˜
gauge
∇ω Φda˜k0d˜b˜k0m˜c˜h0c˜b˜
+
gauge
∇β Φdm˜g˜(δβ)g[δα]g[ωµ]g˜(αµ)
)− ξ2knbkbd(ζgauge∇ω Φda˜h0a˜b˜k0m˜b˜ + g˜(αβ)gauge∇a Φdm˜g[ωβ])
where
knb = hnahbpkap,
one gets
Lnωm˜ =
gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜ − g˜(αµ)
gauge
∇α Φnm˜g[µω]
+ ξknd
gauge
∇β Φdm˜g˜(δβ)g[δα]g[ωµ]g˜(αµ) − ξ2knbkbdg˜(αβ)
gauge
∇ Φdm˜g[ωβ]. (3.41)
Moreover, now we have to do with Minkowski space gµν = ηµν and
Lnωm˜ = H
n
ωm˜ + ξk
n
dH
d
ωm˜. (3.42)
We remember that m˜ = 5, 6 or ϕ,ψ and that
Hnµm˜ =
gauge
∇µ Φnm˜. (3.43)
We have
Lkin(Hnµm˜) = 1
V2
∫ √
|g˜| dΩ (ℓabηβµLaβb˜Hbµa˜gb˜a˜). (3.44)
Finally we get
Lkin(∇µΦm¯) = 2π
2
V2
ηµν√
1 + ζ2
κ¯
(gauge∇µ Φm¯, gauge∇ν Φm¯) (3.45)
κad = (had + ξ
2kabk
b
d) (3.46)
where
gauge
∇µ Φm¯ = ∂µΦam¯ − [Aµ, Φm¯]. (3.47)
Now we follow Ref. [40] and suppose rankH = 2 and afterwards H = G2. In this way our
lagrangian can go to the GSW model where SU(2)×U(1) is a little group of Φ3 (see Appendix B).
We get also a Higgs’ field complex doublet and spontaneous symmetry breaking and mass gen-
eration for intermediate bosons. For simplicity we take ξ = 0 and also we do not consider an
influence of the nonsymmetric gravity on a Higgs’ field. We get also a mixing angle θW (Weinberg
angle). If we choose H = G2 we get θW = 30
◦. We get also some predictions of masses
MH
MW
=
1
cos θW
·
√
1− 2ζ2 (3.48)
where ζ is an arbitrary constant
MH
MW
=
2
√
1− 2ζ2√
3
. (3.49)
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We take MH ≃ 125GeV and MW ≃ 80GeV (see Refs [48, 49, 50, 51, 52]).
One gets
ζ = ±0.911622i. (3.50)
Thus ζ is pure imaginary. This means we can explain mass pattern in GSW model. r gives us a
scale of mass and is an arbitrary parameter.
Moreover, a scale of energy is equal to M = ~c
r
√
2pi
√
1+ζ2
which we equal to MEW (electro-
weak) energy scale, i.e. toMW . One gets r ≃ 2.39×10−18 m. In the original Manton model Higgs’
boson is too light. We predict here masses for W,Z0 and Higgs bosons in the theory taking two
parameters, ζ (Eq. (3.50)) and r ≃ 2.39× 10−18m in order to get desired pattern of masses. The
value of the Weinberg angle derived here for H = G2 has nothing to do with “GUT driven” value
1
4 for
1
4 is a value of our sin
2 θW , not sin θW . According to Ref. [40] a Lie group H should have
a Lie algebra h with rank 2. We have only three possibilities: G2, SU(3) and SO(5). The angle
between two roots plays a role of a Weinberg angle. For SO(5) θ = 45◦ and for SU(3) θ = 60◦.
Only for G2, θ = θW = 30
◦, which is close to the experimental value. In this way a unification
chooses H = G2.
Let us notice that dimG2 = 14 and for this dimP = 20.
Moreover, we have
MZ =
MW
cos θ
=
MW
cos θW
=
2√
3
MW ≃ 92.4 (3.51)
and we get from the theory
sin2 θW = 0.25 (θW = 30
◦). (3.52)
However from the experiment we get
sin2 θW = 0.2397 ± 0.0013 (3.53)
which is not 0.25.
Moreover, from theoretical point of view the value 0.25 is a value without radiation corrections
and it is possible to tune it at Q = 91.2GeV/c in the MS scheme to get the desired value.
Let us notice the following fact. In the electroweak theory we have a Lagrangian for neutral
current interaction
LN = qJemµ Aµ +
g
cos θW
(J3µ − sin2 θWJemµ )Z0µ = qJemµ Aµ +
∑
f
ψfγµ(g
f
V − gfAγ5)ψfZ0µ (3.54)
where gfV and g
f
A are coupling constants for vector and axial interactions for a fermion f . One
gets
gfV =
2q
sin 2θW
(T 3f − 2qf sin2 θW )
gfA =
2q
sin 2θW
(3.55)
where T 3f is the third component of a weak isospin of a fermion f and qf is its electric charge
measured in elementary charge q,
qf = T
3
f +
Yf
2
(3.56)
21
where Yf is a weak hypercharge for f . It is easy to see that for an electron we get g
f
V = 0 if
θW = 30
◦.
Moreover, we know from the experiment that
gfV 6= 0 (3.57)
(see Ref. [48]).
Following Ref. [40] we use the following formulae
Φ5 =
1
2
(ϕ∗1x−α + ϕ
∗
2x−β − ϕ1xα − ϕ2xβ) (3.58)
Φ6 =
sinψ
2i
(ϕ1xα + ϕ2xβ + ϕ
∗
1x−α + ϕ
∗
2x−β)− Φ3 cosψ. (3.59)
Φ3 is constant and commutes with a reduced connection. SU(2)× U(1) is a little group of Φ3,
Φ3 =
1
2
i(2 − 〈γ, α〉)−1(hα + hβ), (3.60)
xα, x−α, xβ, x−β are elements of a Lie algebra h of H (see Ref. [53]) corresponding to roots
α,−α, β,−β, hα and hβ are elements of Cartan subalgebra of h such that
hα =
2αi
α · α Hi = [xα, x−α], (3.61)
where α = (α1, . . . , αk), k = rank(h), γ = α − β, [Hi, xω] = ωixω, Hi form Cartan subalgebra
of h, [xω, xτ ] = Cω,τxω+τ if ω + τ is a root, if ω + τ is not a root xω and xτ commute. We take
k = 2.
〈γ, α〉 = 2γ · α
α · α = 2
|γ|
|α| cos θ. (3.62)
In this way we get a Higgs’ doublet
(ϕ1
ϕ2
)
= ϕ˜.
The SU(2)×U(1) generators are given by
t1 =
1
2
i(xγ + x−γ)
t2 =
1
2
(xγ − x−γ)
t3 =
1
2
ihγ
y =
1
2
ih.
(3.63)
h is an element of Cartan subalgebra orthogonal to hγ with the same norm. Now everything is
exactly the same as in Ref. [40] except the fact that
k¯ad = had − ξ2kabkbd (3.64)
kad = (1− 2ζ2)had − ξ2kabkbd. (3.65)
In Ref. [40]
k¯ad = kad = had. (3.66)
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A four-potential of Yang–Mills’ field (a connection ωE) can be written as
Aµ =
3∑
i=1
Aµti +Bµy (3.67)
or Aµ =
1
2
i(A−µ xγ +A
+
µ x−γ +A
3
µhγ +Bµh) (3.68)
A±µ = A
1
µ ± iA2µ. (3.69)
We have (see Ref. [40])
h(ti, tj) = − 1
γ · γ δij
h(y, y) = − 1
γ · γ
h(ti, y) = 0
Fµν =
(
∂µA
a
ν − ∂νAaµ + εabcAbµAcν
)
ta + (∂µBν − ∂νBµ)y = F aµνta +Bµνy (3.70)
h(Fµν , Fµν) = − δab
γ · γ F
a
µνF
bµν − 1
γ · γBµνB
µν (3.71)
gauge
∇µ Φ =
(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA3µϕ2 −
1
2
i tan θBµϕ2
)
xβ (3.72)
gauge
∇µ Φ˜ = −
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
i tan θBµϕ
∗
1
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β (3.73)
We redefine the fields Aaµ, Bµ and ϕ˜ with some rescaling (g is a coupling constant)
A′aµ = L1A
a
µ, B
′
µ = L1Bµ, ϕ˜
′ = L2ϕ˜ (3.74)
where
L1 =
1
g
1
(γ · γ)1/2 (3.75)
L2 =
1
g
( γ · γ
α · α
)1/2
(3.76)
We proceed the following transformation(
Z0µ
Aµ
)
=
(
cos θ − sin θ
sin θ cos θ
)(
A3µ
Bµ
)
. (3.77)
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According to the classical results we also have g
′
g = tan θ, assuming q = g sin θ, where q is
an elementary charge and g and g′ are coupling constants of Aaµ and Bµ fields. The spontaneous
symmetry breaking and Higgs’ mechanism in the Manton model works classical if we take for
minimum of the potential
ϕ˜0 =
(
0
v√
2
)
eiα, α arbitrary phase, (3.78)
and we parametrize ϕ˜ =
(ϕ1
ϕ2
)
in the following way
ϕ˜(x) = exp
(
i
1
2v
σata(x)
)( 0
v+H(x)√
2
)
. (3.79)
For a vacuum state we take
ϕ˜0 =
(
0
v√
2
)
, (3.80)
ta(x) and H(x) are real fields on E. ta(x) has been “eaten” by Aaµ, a = 1, 2, and Z
0
µ fields making
them massive. H(x) is our Higgs’ field. σa are Pauli matrices.
In the formulae (3.64)–(3.65) we take ξ = 0. One gets in the Lagrangian mass terms:
M2WW
+
µ W
−µ +
1
2
M2ZZ
0
µZ
0µ − 1
2
M2HH
2,
where W+µ = A
+
µ , W
−
µ = A
−
µ , getting masses for W
±, Z0 bosons and a Higgs boson (see Eqs
(3.48)–(3.52)). For G2 〈γ, α〉 = 3 and θ = 30◦, θ is identified with the Weinberg angle θW .
In order to proceed a Higgs’ mechanism and spontaneous symmetry breaking in this model
we use the following gauge transformation
ϕ˜(x) 7→ U(x)ϕ˜(x) = 1√
2
(
0
v +H(x)
)
, (3.81)
where
v =
2
√
2
rg
cos θ (3.82)
a vacuum value of a Higgs field
U(x) = exp
(
− 1
2v
ta(x)σa
)
. (3.83)
H(x) is the remaining scalar field after a symmetry breaking and a Higgs’ mechanism. One gets
Aµ 7→ Auµ = ad′U−1(x)Aµ + U−1(x)∂µU(x) (3.84)
Fµν 7→ F uµν = ad′U−1(x)Fµν . (3.85)
Using some additional fields Φ1, Φ2, Φ3 and also Φ and Φ˜, we can write
gauge
∇µ Φ5 and
gauge
∇µ Φ6 in
terms of Higgs’ fields ϕ1 and ϕ2,
gauge
∇µ Φ5 = 1
2
gauge
∇µ (Φ+ Φ˜) = 1
2
[(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
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+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
1
2
iBµϕ2 tan θ
)
xβ
−
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
iBµϕ
∗
1 tan θ
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β
]
(3.86)
gauge
∇µ Φ6 = sinψ
2i
gauge
∇µ (Φ− Φ˜) = sinψ
2i
[(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
1
2
i tan θBµϕ1
)
xα
+
(
∂µϕ2 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
1
2
iBµϕ2 tan θ
)
xβ
−
(
∂µϕ
∗
1 +
1
2
iA+µϕ
∗
2 +
1
2
iA3µϕ
∗
1 +
1
2
iBµϕ
∗
1 tan θ
)
x−α
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 +
1
2
i tan θBµϕ
∗
2
)
x−β
]
(3.87)
where
e∗ωE = Aiµθ
µti +Bµθ
µy (3.88)
e∗ω = αciA
i
µθ
µt˜i + Φ
a
a˜θ
a˜Xa, (3.89)
t˜i = ti, i = 1, 2, 3, t˜4 = y. (3.90)
Let us proceed a spontaneous symmetry breaking and Higgs’ mechanism. In this way we
transform
gauge
∇µ Φa˜ 7→ ad′U−1(x)
gauge
∇µ Φa˜ =
gauge
∇µ Φua˜ , a˜ = 5, 6, (3.91)
where
gauge
∇µ Φu5 =
1
2
√
2
[
∂µH(x)(xβ − x−β)
+
i
2
(v +H(x))
(
A3uµ (xβ + x−β) +Bµ tan θ(x−β − xβ)−A+uµ x−α +A−uµ xα
)]
(3.92)
gauge
∇µ Φu6 =
sinψ
2i
[
∂µH(x)(xβ + x−β)
+
i
2
(v +H(x))
(
A+uµ x−α −A−uµ xα +A3uµ (xβ − x−β) +Bµ tan θ(x−β − xβ)
)]
(3.93)
where
Hu56 = −
sinψ(v +H(x))
2
(
(v +H(x))
βi
β · β Hi +
√
2 cosψ(xβ + x−β)
)
(3.94)
Hu56 = −Hu65 (3.95)
where
A+µ 7→ A+uµ =
(
ad′U−1(x)Aµ
)+
+
i
2v
∂µt
+(x) (3.96)
A−µ 7→ A−uµ =
(
ad′U−1(x)Aµ
)−
+
i
2v
∂µt
−(x) (3.97)
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A3µ 7→ A3uµ =
(
ad′U−1(x)Aµ
)3
+
i
2v
∂µt
3(x). (3.98)
Let us suppose that H = G2. In this case one gets
|β| = |α| =
√
2, |γ| =
√
6,
α · α = β · β = 2, γ · γ = 6,
〈γ, α〉 = 3, 〈γ, β〉 = 〈α, β〉 = −1,
γ1α2 − γ2α1
γ · γ =
√
3
6
,
θ = 30◦, cos θ =
√
3
2
, sin θ =
1
2
.
(3.99)
4 Spinor fields on P
Let Ψ be a spinor field on P belonging to fundamental representation DF of SO(1, n + 3)
(Spin(1, n + 3)) or SO(1, n + n1 + 3) (Spin(1, n + n1 + 3)) or also SO(1, 19) (Spin(1, 19)) and
ΓA, A = 1, 2, . . . , n + 4 be a representation of the Clifford algebra for SO(1, n + 3) acting in the
space representation DF (see Refs [54], [55], [56]), i.e., ΓA ∈ C(1, n + 3),
{ΓA, ΓB} = 2ηAB ,
ΓA ∈ L(Ck), k = 4 · 2[n/2], [n/2] = l,
ηAB = diag(−1,−1,−1, 1,−1,−1, . . . ,−1︸ ︷︷ ︸
n times
).
(4.1)
We consider also two additional cases mentioned above:
{Γ A˜, Γ B˜} = 2ηA˜B˜ , Γ A˜ ∈ L(Ck),
where
k = 4 · 2[(n+n1)/2], ηA˜B˜ = (−1,−1,−1, 1,−1,−1, . . . ,−1︸ ︷︷ ︸
n+n1 times
).
We introduce a spinor field Ψ
Ψ = Ψ+B (4.2)
where “+” is a Hermitian conjugation and
ΓA+ = BΓAB−1. (4.3)
Usually B = Γ 4.
It is easy to see that
Ψ(pg1) = Ψ(p)σ(g1), (4.4)
p = (x, g) ∈ P , g, g1 ∈ G (or H), σ is a unitary representation of the group G (or H) acting
in k = 4 · 2l-dimensional complex space σ ∈ L(Ck). The fields Ψ and Ψ are defined on P and
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P is assumed to have an orthonormal coordinate system θA (or θA˜). This coordinate system is
in general non-holonomic. We perform an infinitesimal change of the frame θA (or θA˜)
θA
′
= θA + δθA = θA − εABθB, εAB + εBA = 0 (4.5)
or
θA˜
′
= θA˜ + δθA˜ = θA˜ − εA˜B˜θB˜, εA˜B˜ + εB˜A˜ = 0. (4.6)
Suppose that the field Ψ corresponds to θA (or θA˜) and Ψ′ to θA′ (θA˜′), then we get
Ψ′ = Ψ+ δΨ = Ψ− εABσ̂ABΨ,
Ψ
′
= Ψ+ δΨ = Ψ+ΨεAB σ̂
AB ,
(4.7)
where
σ̂AB = 18 [Γ
A, ΓB ].
Simultaneously we have
Ψ′ = Ψ+ δΨ = Ψ− εA˜B˜σ̂A˜B˜Ψ,
Ψ
′
= Ψ+ δΨ = Ψ+ΨεA˜B˜ σ̂
A˜B˜ ,
σ̂A˜B˜ = 18 [Γ
A˜, Γ B˜].
(4.8)
Now we consider covariant derivatives of spinor fields Ψ and Ψ on P with respect to a connec-
tion ω˜AB (or ω˜
A˜
B˜) generated by a symmetric metric tensor γ(AB) (or γ(A˜B˜)). Both connections
are Levi-Civita connections. We get
DΨ = dΨ+ ωAB σ̂ABΨ
DΨ = dΨ−ΨωABσ̂AB
(4.9)
or
DΨ = dΨ+ ωA˜B˜ σ̂A˜B˜Ψ
DΨ = dΨ−ΨωA˜B˜σ̂A˜B˜
(4.10)
Moreover, we consider in Refs [17], [18] new kinds of “gauge” derivatives. We generalized this
approach to an arbitrary gauge group G (or H) (see Ref. [19])
DΨ = hor(DΨ) =
gauge
d Ψ+ hor(ωAB)σ̂ABΨ
DΨ = hor(DΨ) =
gauge
d Ψ+Ψhor(ωAB)σ̂AB
(4.11)
or
DΨ = hor(DΨ) =
gauge
d Ψ+ hor(ωA˜B˜)σ̂A˜B˜Ψ
DΨ = hor(DΨ) =
gauge
d Ψ+Ψhor(ωA˜B˜)σ̂A˜B˜
(4.12)
Horizontality is understood in the sense of a connection ω on the bundle P .
It is easy to see that a connection
ω̂AB = hor(ω˜AB) (4.13)
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defined by our new gauge derivatives is a metric connection on P , moreover, with a non-vanishing
torsion. In this way we get a consistent theory of covariant differentiation of spinor and tensor
(vector) fields working with this connection in place of ω˜AB. This remark is also applied for
the connection
ω̂A˜B˜ = hor(ω˜A˜B˜) (4.14)
We refer also to Appendix A and Appendix B.
Let us notice the following fact. All the formalism considered here can be extended to Rarita–
Schwinger field, i.e. to 3/2-spin (not only to 1/2-spin) field. In order to do this we consider one-
form spinor fields. It means, we consider on P horizontal 1-forms (horizontality is understood in
the sense of a connection ω on a principal fiber bundle P ). They take values in a fundamental
representation of SO(1, n+3) (Spin(1, n+3)) or SO(1, n+n1+3) (Spin(1, n+n1+3)) or SO(1, 19)
(Spin(1, 19)). We have
Ψ = ΨMθ
M , Ψ = ΨMθ
M , ΨM = Ψ
+
MΓ
4 (4.15)
Ψ = Ψµθ
µ, Ψ = Ψµθ
µ, Ψµ = Ψ
+
µΓ
4. (4.16)
Eqs (4.15) correspond to the case with a spontaneous symmetry breaking, and Eqs (4.16) to the
case without a spontaneous symmetry breaking (an absence of a manifold M = G/G0 or S
2, see
Ref. [20]).
We assume that these one-form spinor fields depend on the group coordinates in a trivial way,
i.e. by the action of the group G (H or G2). We introduce for these one-form spinor fields a new
kind of gauge derivatives similarly as for a 0-form spinor fields case
DΨ = hor(DΨ) = d1Ψ+ hor(ω˜AB)σ̂AB ∧Ψ (4.17)
DΨ = hor(DΨ) = d1Ψ− hor(ω˜AB) ∧Ψσ̂AB (4.18)
where
DΨ = dΨ+ ω˜ABσ̂AB ∧Ψ (4.19)
DΨ = dΨ− ω˜AB ∧Ψσ̂AB (4.20)
d1Ψ = hor(dΨ) (4.21)
d1Ψ = hor(dΨ) (4.22)
are ordinary “gauge” derivatives on E (or on E ×M) if we take in the place of A,B also A˜, B˜.
In this way we take similarly
DΨ = d1Ψ+ hor(ω˜A˜B˜)σ̂A˜B˜ ∧Ψ (4.23)
DΨ = d1Ψ− hor(ω˜A˜B˜) ∧Ψσ̂A˜B˜ (4.24)
It is understandable that we have in both cases Eq. (4.4) for 1-form spinor fields.
It is easy to see that we get
DΨ =
gauge
D˜ Ψ− 18λHaγb[Γa, Γb]θγ ∧Ψ (4.25)
DΨ =
gauge
D˜ Ψ+ 18λHaγbθγ ∧Ψ[Γa, Γb], (4.26)
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where
gauge
D˜ Ψ = hor(D˜Ψ) (4.27)
gauge
D˜ Ψ = hor(D˜Ψ). (4.28)
gauge
D˜ Ψ and
gauge
D˜ Ψ are exterior covariant derivatives on E (or E ×M = E × G/G0, or E × S2)
with respect to a Levi-Civita connection on E (or E ×M = E ×G/G0, or E × S2) and “gauge”
at once.
5 Lagrangians for fermion fields
Let us define lagrangians for fermion fields defined on a manifold P in several cases (see Refs [57]–
[66]). Let Ψ(x, y) be a spinor field in a fundamental representation of SO(1, n+3) (Spin(1, n+3))
where x ∈ E, y ∈ G (in a local trivialization). Let Φi(y) be zero modes on G, i.e.
(int)
D/ Φi = 0 (5.1)
where
(int)
D/ = Γ a∂a, a = 5, 6, . . . , n+ 4. (5.2)
In this way we can write
Ψ(x, y) =
∑
i
Ψi(x)Φi(y) (5.3)
and
(int)
D/ Ψ = 0. (5.4)
It means we consider on P only zero-modes with respect to G
Ψ(x, y) = Ψ+(x, y)Γ 4 =
∑
i
Ψ+i (x)Φ
∗
i (y)Γ
4 =
∑
i
Ψi(x)Φ
∗
i (y). (5.5)
Our zero-modes on G form a complete orthonormal basis∫
G
dµ(y)Φi(y)Φ
∗
j (y) = δij . (5.6)
In this way we define a lagrangian for fermions
Lfermions = 1
2
i~c
∫
G
dµG(y)
(
ΨΓM
gauge
∇˜M Ψ−
gauge
∇˜M ΨΓMΨ
)
. (5.7)
µG is a biinvariant measure on G.
Moreover, our covariant derivative (defined in Section 4) is with respect to a horizontal part
of Levi-Civita connection on P and one gets (see Appendix A and B)
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Lfermions = 1
2
i~c
∑
i
(
Ψi(x
α)Γ µ
gauge
∇˜µ Ψi(xα)−
gauge
∇˜µ Ψi(xα)Γ µΨi(xα)
)
=
∑
i
LD(Ψi,Ψi,
gauge
D˜ ) + i
4ℓpl√
α
qHaαγhabΨiΓ
b[Γα, Γγ ]Ψi, (5.8)
LD(Ψi,Ψi,
gauge
∇˜ ) is an ordinary Dirac lagrangian for spinor field Ψi, where
gauge
D˜ means an ordinary
exterior covariant derivative with respect to Levi-Civita connection on E and “gauge” at once. We
use of course Eq. (5.6). ℓpl means a Planck’s length, q—an elementary charge, α a fine structure
constant. We get here some anomalous terms which can go to PC breaking (see Ref. [22]). Let
us come to more complicated case where we have to do with a spontaneous symmetry breaking
and Higgs’ field, i.e. we define spinor fields on P which is now a bundle manifold over E ×G/G0
with a structural group H. In this case we have
Ψ(x, x1, y) =
∑
i
∑
k
Ψik(x
α)Φ˜i(x1)Φ̂(y), x ∈ E, x1 ∈M = G/G0, y ∈ H, (5.9)
(in a local trivialization), where Φ̂k(y) are zero-modes on H,∫
dµH(y)Φ̂k(y)Φ̂l(y) = δkl (5.10)
(int)
D/ Φ̂k = 0. (5.11)
Φ̂i(x1), x1 ∈M = G/G0 are not in general zero-modes on M . Moreover, these functions form an
orthonormal set defined on M , ∫
M
dµM (x1) Φ˜1(x1)Φ̂
∗
j (x1) = δij , (5.12)
dµH(y) and dµM (x1) are measures on H and M , respectively. r is a radius of the manifold M
which gives us a scale of masses of fermions. Usually it is supposed that µH is a biinvariant
measure on H.
Ψ = Γ 4Ψ+ =
∑
i
∑
k
Ψik(x
α)Φ˜∗(x1)Φ̂∗k(y) (5.13)
Ψik = Γ
4Ψ+ik. (5.14)
The lagrangian for fermions is defined in this case as follows
Lfermions = i~c
2
∫
M
dµM (x1)
∫
dµH(y)
(
ΨΓM
gauge
∇˜M Ψ−
gauge
∇˜M ΨΓMΨ
)
. (5.15)
One easily gets
Lfermions =
∑
i
∑
k
(
LD(Ψik,Ψik,
gauge
D˜ ) + i
4ℓplq√
α
HaαγhabΨikΓ
b[Γα, Γγ ]Ψik
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+
i~c
r
Φam˜ΨikΓ
m˜X̂aΨik − ~c
8r
gauge
∇β Φam˜ΨikΓ m˜[Γ b, Γ b]habΨik
+
i~c
2r
∑
j
ΨijΓ
m˜ρ̂m˜kjΨik
)
(5.16)
where
ρ̂m˜kj =
∫
M
dµ˜M (x1)
(
Φ˜∗j (x1)ξm˜Φ˜k(x1) + ξm˜Φ˜
∗
k(x1)Φ˜j(x1)
)
, (5.17)
µ˜M (x1) is normalized measure on M . It means we take g(a˜b˜) (see Eq. (3.17)).
X̂a mean matrices of h algebra generators in a spinor representation, ξa˜ vector fields acting
along coordinate lines on M = G/G0, LD(Ψik,Ψik,
gauge
D˜ ) is an ordinary Dirac lagrangian for Ψik.
gauge
D˜ means an exterior covariant derivative with respect to a Levi-Civita connection generated
by g(αβ) on E and “gauge” at once.
It is easy to see that
i~c
∑
i
∑
k
Φam˜ΨikΓ
m˜X̂aΨik (5.18)
is a Yukawa interaction term and can be a source of masses for fermions after a spontaneous
symmetry breaking and Higgs’ mechanism.
The term
i~c
2r
∑
j
ΨijΓ
m˜ρ̂m˜kjΨik (5.19)
can be also a source of masses and mixing angles for fermions. Moreover, the term
i
4ℓplq√
α
HaαγhabΨikΓ
b[Γα, Γγ ]Ψik (5.20)
defines an anomalous electric-like dipole interaction with Yang–Mills’ field. We get here anomalous
terms which can go to PC breaking (see Ref. [22]).
Let us come to the GSW model in our setting. In this case a lagrangian for fermions is defined:
Lfermions = i~c
2
∫
S2×G2
sinψ dψ dϕdµG2(y)
(
ΨΓM
gauge
∇˜M Ψ−
gauge
∇˜M ΨΓMΨ
)
=
i~c
2
∑
i
∫
S2
sinψ dψ dϕ
( ∑
j,m
|m|≤j
ΨijmY
∗
jm(ψ,ϕ)Γ
M
gauge
∇˜M
∑
l,n
|n|≤l
ΨilnYln(ψ,ϕ)
−
gauge
∇˜M
∑
j,m
|m|≤j
ΨijmY
∗
jm(ψ,ϕ)Γ
M
∑
l,n
|n|≤l
ΨilnYln(ψ,ϕ)
)
(5.21)
where Yln are spherical harmonics (see Refs [67]–[69]) and
Ψ(x, ψ, ϕ, y) =
∑
i
∑
j,m
Ψijm(x)Yjm(ψ,ϕ)Φi(y) (5.22)
∫ pi
0
∫ 2pi
0
sinψ dψ dϕYjm(ψ,ϕ)Y
∗
ln(ψ,ϕ) = δjlδmn (5.23)
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Yjm(ψ,ϕ) = e
imϕ
√
(2j + 1)(j −m)!
4π(j +m)!
Pml (cosψ), (5.24)
j = 0, 1, 2, . . . , m = −j,−j + 1, . . . , j − 1, j, |m| ≤ j. Φi(y) are zero-modes on G2 manifold.
Ψ(xα, ψ, ϕ, y) =
∑
i
∑
j,m
Ψijm(x
α)Y ∗jm(ψ,ϕ)Φ
∗
i (y) (5.25)∫
G2
dµG2(y)Φi(y)Φ
∗
j (y) = δij . (5.26)
They form an orthonormal basis on G2.
Pml (x) are associated Legendre polynomials defined on 〈−1, 1〉 intervals for |m| ≤ l. In this
way we can proceed calculations:
Lfermions = i~c
2
∑
i
{ ∑
j,m
|m|≤j
∑
l,n
|n|≤l
∫
S2
sinψ dψ dϕ
[(
ΨijmΓ
µ
gauge
∇˜µ ΨilnY ∗jm(ψ,ϕ)Yln(ψ,ϕ)
−
gauge
∇˜µ ΨilmΓ µΨijmY ∗lm(ψ,ϕ)Yjn(ψ,ϕ)
)
+
(
ΨijmΓ
m˜ΨilnY
∗
jm(ψ,ϕ)ξm˜Yln(ψ,ϕ)
−ΨijmΓ m˜Ψilnξm˜Y ∗jm(ψ,ϕ)Yln(ψ,ϕ)
)]
=
i~c
2
∑
i
∑
j,m
|m|≤j
(
ΨijmΓ
µ
gauge
∇˜µ Ψijm −
gauge
∇˜µ ΨijmΓ µΨijm
)
+
∫ pi
0
∫ 2pi
0
sinψ dψ dϕ
∑
j,m
|m|≤j
∑
l,n
|n|≤l
[(
ΨijmΓ
5(ϕ∗1x−α + ϕ∗2x−β − ϕ1xα − ϕ2xβ)ΨilnY ∗jm(ψ,ϕ)
− i sinψ ΨijmΓ 6
(
ϕ1xα + ϕ2xβ + ϕ
∗
1x−α + ϕ
∗
2xβ
)
ΨilnY
∗
jm(ψ,ϕ)Yln(ψ,ϕ)
− i cosψΨijmΓ 6(hα + hβ)ΨilnY ∗jm(ψ,ϕ)Yln(ψ,ϕ)
+
i
4
[
Ψijm
(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
√
3 i
6
Bµϕ1
)
xαh
xαa
+
(
∂µϕ1 − 1
2
iA+µϕ1 −
√
3
6
iBµϕ
∗
2
)
x−αhx−αa +
(
∂µϕ1 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
√
3
6
iBµϕ2
)
xβh
xβa
−
(
∂µϕ
∗
2 +
1
2
iA−µϕ
∗
1 −
1
2
A3µϕ
∗
2 +
√
3
6
iBµϕ
∗
2
)
x−βhx−βa
]
Γ 5[Γ µ, Γa]ΨilnY
∗
jm(ψ,ϕ)Yln(ψ,ϕ)
− i sinψΨijm
[(
∂µϕ1 − 1
2
iA+µϕ2 −
1
2
A3µϕ1 −
√
3
6
iBµϕ1
)
xαh
xαa
+
(
∂µϕ2 − 1
2
iA+µϕ2 −
√
3
6
iBµϕ2
)
xβh
xβa −
(
∂µϕ
∗
1 +
1
2
iA3µϕ
∗
1 +
√
3
6
iBµϕ
∗
1
)
x−αhx−aa
−
(
∂µϕ
∗
2 +
1
2
A−µϕ
∗
1 −
1
2
iA3µϕ
∗
2 + i
√
3
6
Bµϕ
∗
2
)
x−βhx−βa
]
Γ 6[Γ µ, Γ a]Ψiln
)
Y ∗jm(ψ,ϕ)Yln(ψ,ϕ)
]
+
{
ΨijmΓ
5
(in)ΨilnY
∗
jm(ψ,ϕ)Yln(ψ,ϕ) +
i
8
sin 2ψΨijm(Γ
5 + 3Γ 6)ΨilnY
∗
jm(ψ,ϕ)Yln(ψ,ϕ)
+ ΨijmΓ
5ΨilnY
∗
jm(ψ,ϕ)
∂
∂ψ
Yln(ψ,ϕ)
}}
, (5.27)
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a continuation of Eq. (5.21).
Let us notice the following facts:
−i
∫ pi
0
∫ 2pi
0
sin2 ψ Y ∗jm(ψ,ϕ)Yln(ψ,ϕ) dψ dϕ
= −i δmn
4π
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dx (1 − x2)1/2Pml (x)Pmj (x) (5.28)
−i
∫ pi
0
∫ 2pi
0
sinψ cosψ Y ∗jm(ψ,ϕ)Yln(ψ,ϕ) dψ dϕ
= −i δmn
4π
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxxPml (x)P
m
j (x) (5.29)∫ pi
0
∫ 2pi
0
sinψ Y ∗jm(ψ,ϕ)
∂
∂ψ
Yln(ψ,ϕ) dψ dϕ
= −δmn
4π
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
×
[
(m+ 1)
∫ 1
−1
xPmj (x)P
m
l (x)√
1− x2 dx+ (l −m− 1)
∫ 1
−1
xPmj (x)P
m+1
l (x)√
1− x2 dx
]
(5.30)∫ pi
0
∫ 2pi
0
sinψ Y ∗jm(ψ,ϕ)
∂
∂ψ
Yln(ψ,ϕ) dψ dϕ = inδjlδmn (5.31)∫ pi
0
∫ 2pi
0
sin2 ψ cosψ Y ∗jm(ψ,ϕ)Yln(ψ,ϕ) dψ dϕ
=
δmn
4
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxx(1− x2)1/2Pmj (x)Pml (x) (5.32)
By using Eqs (5.28)–(5.32) our lagrangian for fermions starts to be more simple
Lfermions = i~c
2
∑
i
{∑
j,m
[(
ΨijmΓ
µ
gauge
∇˜µ Ψijm −
gauge
∇˜µ ΨijmΓ µΨijm
)
+ΨijmΓ
5(ϕ∗1x−α + ϕ∗2x−β − ϕ1xα − ϕ2xβ)Ψijm]
+
∑
j,l,m
{
− i
4π
ΨijmΓ
6(ϕ1xα + ϕ2xβ + ϕ∗1x−α + ϕ∗2xβ)Ψijm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
×
∫ 1
−1
dx (1− x2)1/2Pml (x)Pmj (x)
− i
4π
ΨijmΓ
6(hα + hβ)Ψijm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxxPml (x)P
m
j (x)
}
i
4
[∑
j,m
Ψijm
(
∂µϕ1 − 1
2
iA−µϕ2 −
1
2
iA3µϕ1 −
√
3 i
6
Bµϕ1
)
xαh
xαa
+
(
∂µϕ1− i
2
A+µϕ1−
√
3
6
iBµϕ
∗
2
)
x−αhx−αa−
(
∂µϕ
∗ϕ2+
i
2
A−ϕ∗1−
1
2
A3µϕ
∗
2+
√
3
6
iBµϕ
∗
2
)
x−βhx−βa
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+
(
∂µϕ1 − 1
2
iA+µϕ1 +
1
2
iA+µϕ2 −
√
3
6
iBµϕ2
)
xβh
xβa
]
Γ 5[Γ µ, Γa]
− i
4π
∑
j,l,m
{
Ψijm
[(
∂µϕ1 − 1
2
A−µϕ2 −
i
2
A3µϕ1 −
√
3
6
iBµϕ1
)
xαh
xαa
+
(
∂µϕ2 − i
2
A+µϕ2 −
√
3
6
Bµϕ2
)
xβh
xβa −
(
∂µϕ
∗
1 +
1
2
iA3µϕ
∗
1 +
√
3
6
iBµϕ
∗
1
)
x−αhx−αa
−
(
∂µϕ
∗
2 +
1
2
A−µϕ
∗
1 −
1
2
A3µϕ
∗
2 + i
√
3
6
Bµϕ
∗
2
)
x−βhx−ba
]
Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
×
∫ 1
−1
dxxPml (x)P
m
j (x)
+
1
4
Ψijm(Γ
5 + 3Γ 6)Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxxPml (x)P
m
j (x)
}
+ i
∑
j,m
mΨijmΓ
5Ψijm − 1
4π
∑
j,l,m
ΨijmΓ
5Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
×
[
(m+ 1)
∫ 1
−1
xPmj (x)P
m
l (x)√
1− x2 dx+ (l −m− 1)
∫ 1
−1
Pmj (x)P
m+1l(x)√
1− x2 dx
]}
(5.33)
In this lagrangian we have a Yukawa interaction which after a spontaneous symmetry breaking
and Higgs’ mechanism results in masses generation of fermions and possible mixing. These are
the terms:
1◦
i~c
2r
∑
i
∑
j,m
ΨijmΓ
5(ϕ∗1x−α + ϕ∗2x−β − ϕ1xα − ϕ2xβ)Ψijm
2◦
i~c
2r
∑
i,j,l,m
{
− 1
4π
ΨijmΓ
6(ϕ1xα + ϕ2xβ + ϕ∗2x−α + ϕ∗2xβ)Ψijm√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dx (1 − x2)1/2Pml (x)Pmj (x)
− 1
4π
ΨijmΓ
6(hα + hβ)Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxxPml (x)P
m
j (x)
}
We have some additional terms which can generate masses and mixing angles
1◦ −~c
2r
∑
i
∑
m
ΨijmΓ
5Ψijm
2◦ − i~c
4πr
∑
i
∑
j,l
ΨijmΓ
5Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
×
[
(m+ 1)
∫ 1
−1
xPmj (x)P
m
l (x)√
1− x2 dx+ (l −m− 1)
∫ 1
−1
Pmj (x)P
m+1
l√
1− x2 dx
]
3◦ − ~c
16πr2
∑
i,j,m
Ψijm(Γ
5 + 3Γ 6)Ψilm
√
(2l + 1)(2j + 1)(l −m)!(j −m)!
(l +m)!(j +m)!
∫ 1
−1
dxPml (x)P
m
j (x),
r is a radius of a sphere S2 which gives a scale of masses for fermions.
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Thus we have many possibilities in a fermion sector, even if we remove from the theory fermion
with Planck’s masses via zero-mode condition. In all the formulas written above
|m| ≤ min(j, l).
The important problem in the theory of fermions is to get chiral fermions. We are supposing
of course that the 6-dimensional (in general (n1 + 4)-dimensional) mass is zero, i.e.
(int)
D/ Ψ = 0 (5.34)
(i.e. Eq. (5.2)). Otherwise the mass of a fermion is of Planck’s mass
(int)
D/ Ψ = mΨ. (5.35)
m 6= 0 is of order of Planck’s mass (see Refs [57]–[66]). Thus we have
(int)
D/ =
20∑
A=7
ΓA∂A.
We demand zero-modes condition. One can write
Γ̂ 5 = γ5 ⊗ Γ 1, Γ̂ 6 = γ5 ⊗ Γ 2, (5.36)
D/4 = (γµ ⊗ I)∂µ, (5.37)
(5,6)
D/ = γ5 ⊗
(
Γ 1
∂
∂ψ
+ Γ 2
∂
∂ϕ
)
(5.38)
and finally
(int)
D/ Ψ = γ5 ⊗
16∑
r=3
Γ r∂r+4Ψ. (5.39)
If
(int)
D/ Φi(y) = 0, (5.40)
Ψ =
∑
i
Ψi(x
µ, ψ, ϕ)Φi(y) (5.41)
then
Nc(
(int)
D/ ) = (n+c − n−c − n+c¯ + n−c¯ )f. (5.42)
n+c is a number of zero-modes of
(int)
D/ for the Weyl spinors Ψ+ associate with a complex represen-
tation of the spinor, while n−c and n
+
c¯ denote the corresponding values for Ψ
− and for the complex
conjugate representation. Ψ+ and Ψ− Weyl spinors are defined as usual
Ψ± =
1
2
(1± Γ n+5)Ψ,
Ψ± =
1
2
(1± Γ n+n1+5)Ψ,
Ψ± =
1
2
(1± Γ 21)Ψ,
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where Γn+5, Γn+n1+5, Γ 21 are higher dimensional analogues of γ5 matrix in four dimensions (see
Appendix A). It is understandable that we get left-handed spinors on E from the expansion Ψ+
and right-handed from the expansion of Ψ−. It means that we get Ψ+i and Ψ
−
i , Ψ
+
ik, Ψ
−
ik or
Ψ+ilm, Ψ
−
ilm. The most important case because of physical applications is of course GSW model.
It means Ψ+ilm, Ψ
−
ilm and Γ
21 matrix. Thus NC(
(int)
D/ ) is a number of 6-dimensional left-handed
fermion generations up to numerical factor, i.e. f (see Appendix C). Let dC be a dimension of a
complex representation C.
We define
N =
∑
C
dC |NC(
(int)
D/ )|. (5.43)
We see that the total number of massless fermions on G2 is
n0(G2) ≥ N. (5.44)
Let us consider the following problem. Our fermions are labeled by several indices, i.e. i, ik,
ilm and so on. Let us consider them as labeled by one index I, i.e. ΨI , in particular I = i,
I = (i, k), I = (i, l,m). Our spinors form of course a tower in many cases, this is an infinite tower.
Moreover, ΨI belong to the fundamental representation of a group SO(1, n + 3) (Spin(1, n + 3)),
SO(1, n + n1 + 3) (Spin(1, n + n1 + 3)) or in the case of GSW to SO(1, 19) (Spin(1, 19)).
We should decompose this representation to a representation of Lorentz group SO(1, 3)
(SL(2,C) = Spin(1, 3)). One gets
DF |SO(1,3)(Λ) = L(Λ)⊕ . . . ⊕ L(Λ), Λ ∈ SO(1, 3) (5.45)
L(Λ) = D(1/2,0)(Λ)⊕D(0,1/2) (5.46)
(see Ref. [56]).
ΨI |SO(1,3) =
 ΨI1...
ΨI2[n/2]
 (5.47)
or
ΨI |SO(1,3) =
 ΨI1...
ΨI2[(n+n1)/2]
 (5.48)
ΨI |SO(1,3) =
ΨI1...
ΨI28
 (5.49)
After taking a section of a bundle we get in any case
e∗(ΨI)|SO(1,3) =
 ΨI1...
ΨI2N
 (5.50)
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where N = [n2 ] or [
n+n1
2 ] or 8.
In the case of Weyl spinors we have similarly
Ψ+Ji, i = 1, 2, . . . , 2
N−1
Ψ−Ji, i = 1, 2, . . . , 2
N−1,
(5.51)
where as usual
e∗(Ψ±I )|SO(1,3) =
 Ψ
±
I1
...
Ψ±
I2N−1
 . (5.52)
According to Ref. [20] we consider 32 -spin spinor fields as 1-forms defined on P horizontal with
respect to a connection defined on a fiber bundle P ,
horΨ = Ψ.
In this way 32 -spinor (-fields) are represented by spinor-valued forms (-fields). We have three cases
as for ordinary 12 -spinor fields, i.e. P over E (space-time), P over E×M = E×G/G0 and P over
E × S2. Moreover, we develop in details only the first case.
It is easy to see that we can proceed the same expansion procedure for 1-form spinor fields on
a manifold P as for a 0-form spinor fields (i.e. spinor fields). One gets
Ψ(x, y) =
∑
i
Ψi(x)Φi(y) (5.53)
where Ψi(x) are now 1-form spinor fields
Ψ(x, y) =
∑
i
Ψi(x)Φ
∗
i (y), x ∈ E, y ∈ G. (5.54)
Similarly one finds
Ψ(x, x1, y) =
∑
i
∑
k
Ψik(x)Φ˜i(x1)Φ̂k(y), x ∈ E, x1 ∈M = G/G0, y ∈ H, (5.55)
Ψ(x, x1, y) =
∑
i
∑
k
Ψik(x)Φ˜
∗
i (x1)Φ̂
∗
k(y), (5.56)
where as usual
Ψik(x) = Γ
4Ψ+ik(x) (5.57)
Ψi(x) = Γ
4Ψ+i (x) (5.58)
and also
Ψ(x, ψ, ϕ, y) =
∑
i
∑
j,m
|m|<j
Ψijm(x)Yjm(ψ,ϕ)Φi(y) (5.59)
Ψ(x, ψ, ϕ, y) =
∑
i
∑
j,m
|m|<j
Ψijm(x)Y
∗
jm(ψ,ϕ)Φ
∗
i (y) (5.60)
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where x ∈ E, ψ,ϕ are S2 coordinates, y ∈ G2 and
Ψijm = Γ
4Ψ+ijm. (5.61)
One can get dimensional reduction procedure similarly as for spinor fields finding
e∗(ΨI)|SO(1,3) =
 ΨI1...
ΨI2N
 (5.62)
where N = [n2 ] or [
n+n1
2 ] or 8. But now ΨiI are 1-form spinor fields on E or E ×M = E ×G/G0,
or E × S2.
One defines the lagrangians for Rarita–Schwinger fields as follows:
LRarita−Schwinger = i~c
2
∫
M
dµM (x1)
∫
H
dµH(y)
(
Ψ ∧ Γ2l+5Γ ∧ DΨ−DΨ ∧ Γ2l+5Γ ∧Ψ
)
(5.63)
where
Γ = ΓMθ
M
Ψ = ΨMθ
M
Ψ = ΨMθ
M
(5.64)
and we impose supplementary conditions
l ∧Ψ = Ψ ∧ l = 0 (5.65)
l = ΓMη
M (5.66)
where ηM is a dual Cartan base for θM . In the case of 20-dimensional model (GSW model) we
have S2 in the place of M , and H = G2. In the case without a spontaneous symmetry breaking
we have only an integration for G (which replaces H). We will not develop this formalism in the
paper. This will be done elsewhere.
In the case without symmetry breaking (an absence of M or S2) one simply gets in the place
of Eqs (5.64)–(5.66)
Γ = Γµθ
µ
Ψ = Ψµθ
µ
Ψ = Ψµθ
µ
(5.67)
l ∧Ψ = Ψ ∧ l = 0 (5.68)
l = Γµη
µ (5.69)
where ηµ is a dual Cartan base for θµ.
It is easy to see that in the case with a spontaneous symmetry breaking we have in the theory
also a multiplet of spinor 1/2-fields ψa, a = 5, 6, . . . , n1 + 4 (or a = 5, 6).
In the first case the Rarita–Schwinger field lagrangian looks
LRarita–Schwinger = 1
2
i~c
∫
G
dµG
(
Ψ ∧ Γ2l+5Γ ∧ DΨ−DΨ ∧ Γ2l+5Γ ∧Ψ
)
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=
∑
j
LRarita–Schwinger(Ψj ,Ψj, D˜) + i~cλ
2
∑
j
[
HανbΨjλΓb[Γa, Γν ]Ψj
λ
+ 2Hαρb
(
ΨjλΓbΓ
λΓαΨjρ +ΨjρΓbΓ
λΓαΨjλ −ΨjλΓ λΓρΓbΓ νΓαΨjν
)]
η (5.70)
where
LRarita–Schwinger(Ψj,Ψj , D˜) = i~c
2
(
ΨjΓ2l+5 ∧ Γ ∧ D˜Ψj − D˜Ψj ∧ Γ2l+5 ∧ Γ ∧Ψj
)
. (5.71)
Moreover, to give a taste of the full formalism we calculate the first terms in the lagrangian
involving interaction of 32 -spin field and also
1
2 -spin field with Yang–Mills’ and Higgs’ fields. Thus
starting from Eq. (5.63) we get as the first interaction term (5.72) in the lagrangian development.
The zero term is as usual (a sum of all fields free lagrangians)∑
ij
LRarita–Schwinger(Ψij ,Ψij , D˜) +
∑
i,j,l˜
LDirac(Ψijl˜,Ψijl˜, D˜).
i
√
GN ~
4c
∑
i,j
{
αbk
[
H˜ανk
(
ΨijλΓb[Γα, Γν ]Ψij
λ +Ψijl˜Γb[Γα, Γν ]Ψij
l˜
)
+ 2H˜αρk
[(
ΨijλΓbΓ
λΓαΨijρ +Ψijl˜ΓbΓ
l˜ΓαΨijρ
)
+
(
ΨijρΓbΓ
λΓαΨijλ +ΨijρΓbΓ
l˜ΓαΨijl˜
)
−
(
ΨijλΓ
λΓρΓbΓ
νΓαΨijν +Ψijl˜Γ
l˜ΓρΓbΓ
νΓαΨijν
+ΨijλΓ
λΓρΓbΓ
n˜ΓαΨijn˜ +Ψijl˜Γ
l˜ΓρΓbΓ
n˜ΓαΨijn˜
)]]
+
gauge
∇ αΦbn˜(ΨijλΓb[Γα, Γn˜]Ψijλ +Ψijl˜Γb[Γα, Γn˜]Ψijl˜)
+ 2
gauge
∇ αΦbr˜
[(
ΨijλΓbΓ
λΓαΨijr˜ +Ψijl˜ΓbΓ
l˜ΓαΨijr˜
)
+
(
Ψijr˜ΓbΓ
λΓαΨijλ +Ψijr˜ΓbΓ
l˜ΓαΨijl˜
)
− (ΨijλΓ λΓr˜ΓbΓ νΓαΨijν +Ψijl˜Γ l˜Γr˜ΓbΓ νΓαΨijν
+ΨijλΓ
λΓr˜ΓbΓ
n˜ΓαΨijn˜ +Ψijl˜Γ
l˜Γr˜ΓbΓ
n˜ΓαΨijn˜
)]
+Hba˜n˜
(
ΨijλΓb[Γa˜, Γn˜]Ψij
λ +Ψijl˜Γb[Γa˜, Γn˜]Ψij
l˜)
+ 2Hba˜r˜
[
Ψijλ
(
ΓbΓ
λΓa˜Ψijr˜ +Ψijl˜ΓbΓ
l˜Γa˜Ψijr˜
)
+
(
Ψijr˜ΓbΓ
λΓa˜Ψijλ +Ψijr˜ΓbΓ
l˜Γa˜Ψijl˜
)
− (ΨijλΓ λΓr˜ΓbΓ νΓ a˜Ψijν +ΨijλΓ λΓr˜ΓbΓ n˜Γa˜Ψijn˜
+Ψijl˜Γ
l˜Γr˜ΓbΓ
νΓa˜Ψijν +Ψijl˜Γ
l˜Γr˜ΓbΓ
n˜Γa˜Ψijn˜
)]}
η (5.72)
where
Hba˜n˜ = g˜(a˜c˜)g˜(n˜m˜)Hbc˜m˜. (5.73)
g˜(a˜n˜) is an inverse tensor of g(a˜b˜) on M = G/G0, η is a volume element on E×M , Ψijν are 32 -spin
fields and Ψijn˜ are
1
2 -spin fields.
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In order to develop a formalism we should introduce several types of forms∫
M
dµM (x1)θ
l˜Φ̂i(x1)Φ̂
∗
j (x1) = K
l˜
ij 1-forms (5.74)∫
M
dµM (x1)θ
l˜ ∧ θn˜Φ̂i(x1)Φ̂∗j (x1) = Ll˜n˜ij 2-forms (5.75)∫
M
dµM (x1)θ
l˜ ∧ θn˜ ∧ θm˜Φ̂i(x1)Φ̂∗j (x1) = M l˜n˜m˜ij 3-forms (5.76)
It is easy to see that in the case of a bosonic part of GSW model the situation is simpler because
M = S2 and all 3-forms are equal to zero.
For the remaining 1-forms and 2-forms one gets∫
S2
sinψ dψ dϕθa˜Yjm(ψ,ϕ)Y
∗
j′m′(ψ,ϕ) = K
a˜
jmj′m′ , a˜ = 5, 6, (5.77)∫
S2
sinψ dψ dϕθa˜ ∧ θb˜Yjm(ψ,ϕ)Y ∗j′m′(ψ,ϕ) = La˜b˜jmj′m′ , a˜, b˜ = 5, 6, a˜ 6= b˜ (5.78)
K6jmj′m′ = dϕ δjj′δmm′ = θ
6δjj′δmm′ , (5.79)
K5jmj′m′ = dψ
δmm′
4π
√
(2j + 1)(2j′ + 1)(j −m)! (j′ −m)!
(j +m)! (j′ +m)!
·
∫ 1
−1
dxPmj (x)P
m
j′ (x)
=
θ5
sinψ
· δmm′
4π
√
(2j + 1)(2j′ + 1)(j −m)! (j′ −m)!
(j +m)! (j′ +m)!
·
∫ 1
−1
dxPmj (x)P
m
j′ (x) (5.80)
L56jmj′m′ = θ
5 ∧ θ6 δmm′
4π sinψ
√
(2j + 1)(2j′ + 1)(j −m)! (j′ −m)!
(j +m)! (j′ +m)!
·
∫ 1
−1
dxPmj (x)P
m
j′ (x). (5.81)
The important problem in future calculations is to treat a part of a covariant derivative defined
on M (or S2), i.e.
d˜(Ψ) + ω˜a˜b˜σ˜a˜b˜ ∧Ψ (5.82)
or
d˜(Ψ)−Ψ ∧ ω˜a˜b˜σ˜a˜b˜. (5.83)
One gets
d˜Ψ = d˜(ΨµΘ
µ +Ψm˜θ
m˜) = ξa˜(ΨµΘ
µ +Ψm˜θ
m˜) ∧ θa˜ (5.84)
d˜Ψ = d˜(ΨµΘ
µ +Ψm˜θ
m˜) = ξa˜(ΨµΘ
µ +Ψm˜θ
m˜) ∧ θa˜. (5.85)
The terms (5.72) in the case of a bosonic part of GSW model (20-dimensional model) are
easily obtained by taking a˜, b˜ = 5, 6 and m, l, n as G2 Lie algebra indexes.
Further development will be done elsewhere. The important conclusion without further calcu-
lations is that a Velo–Zwanziger paradox is absent. This is due to the interaction term in Eq. (5.70)
(the first case) and due to the term (5.72) (for the second and the third case). These terms in-
fluence equations of Rarita–Schwinger fields in such a way that first differential consequences are
not algebraic constraints. They are differential equations.
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Appendix A
In this Appendix we deal with Clifford algebra (see Refs [54], [55]) C(1, n+3) or C(1, n+N1 + 3).
Owing to decomposition rules for C(1, n + 3) (C(1, n + N1 + 3)) we write down a useful repre-
sentation for ΓA (or Γ A˜) in terms of γµ. It is well known that any Clifford algebras (see Refs
[54], [55]) can be decomposed into a tensor products of the three elementary Clifford algebras
C(0, 1) = C — complex numbers,
C(1, 0) = R⊕R
C(0, 2) = Q — quaternions.
(A.1)
We have
C(1, n + 3) = C(0, 2)⊗ C(1, n + 1). (A.2)
We define Clifford algebra C(1, 3) and we easily get
C(1, n + 3) =
([n/2]⊗
i=1
C(0, 2)
)
⊗ C(1, 3) =
([n/2]⊗
i=1
H
)
⊗ C(1, 3) (A.3)
or
C(1, n+ n1 + 3) =
([(n+n1)/2]⊗
i=1
C(0, 2)
)
⊗ C(1, 3) =
([(n+n1)/2]⊗
i=1
H
)
⊗ C(1, 3). (A.4)
It is very well known that either
C(1, n + 3) = C(1, n+ 4) (C(1, n+ n1 + 3) = C(1, n + n1 + 4))
iff n+ 3 = 2l (n+ n1 + 3 = 2l)
or
C(1, n + 2) = C(1, n+ 3) (C(1, n+ n1 + 2) = C(1, n + n1 + 3))
iff n+ 3 = 2l + 1 (n+ n1 + 3 = 2l + 1),
l ∈ N∞1 .
Let γµ ∈ L(C4), µ = 1, 2, 3, 4, be Dirac matrices obeying conventional relations
{γµ, γν} = 2ηµν
ηµν = diag(−1,−1,−1,−1)
γ5 = γ1γ2γ3γ4, γ25 = 1
(A.5)
and let σi ∈ L(C2), i = 1, 2, 3, be Pauli’s matrices obeying conventional relations as well
{σi, σj} = 2δij
[σi, σj ] = εijkσk.
(A.6)
Let I be 2 × 2 unit matrix and let J ∈ L(C4) be 4 × 4 unit matrix. Thus we can perform a
decomposition
Γ µ = γµ ⊗
([n/2]⊗
i=1
σ1
)
(A.7)
41
or
Γ µ =
 0 . . . γµ· · ·
γµ . . . 0
 . (A.8)
For A 6= µ (A˜ 6= µ) one gets (for n = 2l or n+ n1 = 2l)
Γ 2p+1 = iJ ⊗
(p−2⊗
i=1
I
)
⊗ σ3 ⊗
(l−p+1⊗
i=1
σ1
)
Γ 2p+2 = iJ ⊗
(p−2⊗
i=1
I
)
⊗ σ3 ⊗
(l−p+1⊗
i=1
σ1
) (A.9)
where 4 < 2p + 1 < 2p + 2 ≤ n + 4 = 2l + 2 (or 4 < 2p + 1 < 2p + 2 ≤ n + n1 + 4 = 2l + 2). In
the case n = 2l we define also a matrix
Γ n+5 = ii3(l+1)
n+4∏
A=1
ΓA = γ5 ⊗
l⊗
i=1
σ1 = Γ
2l+5 (A.10)
Γ n1+n+5 = ii3(l+1)
n+n1+4∏
A=1
Γ A˜ = γ5 ⊗
l⊗
i=1
σ1 = Γ
2l+5 (A.11)
or
Γ n+5 =
 0 . . . γ5· · ·
γ5 . . . 0
 (A.12)
where n = 2l, l ∈ N∞1 ,
Γ n+n1+5 =
 0 . . . γ5· · ·
γ5 . . . 0
 , (A.13)
n1 + n = 2l, l ∈ N∞1 .
If n = 2l + 1 we have
ΓA = ΓA, A = 1, 2, . . . , 2l + 4, Γn+4 = Γ 2l+5 =
 0 . . . γ5· · ·
γ5 . . . 0
 . (A.14)
Similarly, if n+ n1 = 2l + 1 we have
Γ A˜ = Γ A˜, A˜ = 1, 2, . . . , 2l + 4, Γ n+n1+4 = Γ 2l+5 =
 0 . . . γ5· · ·
γ5 . . . 0
 . (A.15)
It is easy to check that
(Γ 2l+5)2 = −1, {Γ˜A, Γ 2l+5} = 0 for A 6= 2l + 5, (A.16)
B = B ⊗
([n/2]⊗
i=1
σ1
)
, γµ+ = BγµB−1. (A.17)
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The same we get for n+ n1 + 4 case
{Γ˜ A˜, Γ 2l+5} = 0 for A˜ 6= 2l + 5,
B = B ⊗
([(n+n1)/2]⊗
i=1
σ1
)
.
(A.18)
Usually B = γ4.
Γ
21
=
 0 . . . γ5· · ·
γ5 . . . 0
 (A.19)
(
Γ 21
)2
= 1 (A.20)
We can proceed in a little different way:
Generalized Dirac matrices are defined by the relations
{ΓA, ΓB} = 2ηAB or {Γ A˜, Γ B˜} = 2ηA˜B˜ (A.21)
where
ηAB = diag{−1,−1,−1, 1,−1, . . . ,−1︸ ︷︷ ︸
n
} (A.22)
ηA˜B˜ = diag{−1,−1,−1, 1,−1, . . . ,−1︸ ︷︷ ︸
n1
,−1, . . . ,−1︸ ︷︷ ︸
n
}. (A.23)
For (n+ 4) or (n+ n1 + 4) equal to 2l + 2 (the even case) we define
Γ 4± = 12(±Γ 4 + Γ 1),
Γ A¯± = 12(Γ
2A¯ ± iΓ 2A¯+1), A = 1, . . . , l.
(A.24)
It is easy to show
{Γ A¯±, Γ B¯±} = −δA¯B¯
{Γ A¯+, Γ B¯+} = {Γ A¯−, Γ B¯−} = 0.
(A.25)
In particular
(Γ A¯+)2 = (Γ A¯−)2 = 0. (A.26)
In this way we always have a spinor Ψ0 such that
Γ A¯−Ψ0 = 0 (A.27)
for all A. We get all possible spinors acting on Ψ0 by Γ
A¯+. We get 2l+1 such spinors (a full
representation). ΓA or Γ A˜ can be derived in such a base by using iterative method.
In the case of 2l + 3 (an odd case) we should have
Γ 2l+3 = i−(l+1)Γ 1 · · ·Γ 2l+2 (A.28)
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such that
(Γ 2l+3)2 = −1, {Γ 2l+3, Γ ¯¯A} = 0, A = 1, . . . , 2l + 2. (A.29)
It is easy to define a basis of spinors for both cases. Let ζ = (ζ1, . . . , ζl), ζA¯ = ±12 ,
Ψζ =
( l∏
A¯=0
(Γ (l+A¯))ζ(l+A¯)+1/2
)
Ψ0. (A.30)
Γ 2l+3 in the even case distinguishes between two classes of spinors
Γ 2l+3Ψζ = +Ψζ (2
l-dimension—first representation)
Γ 2l+3Ψζ = −Ψζ (2l-dimension—second representation)
(A.31)
In the odd case we have only one representation of 2l+1-dimension.
We can introduce also generators of SO(1, 3 + n) or SO(1, 3 + n1 + n) algebra
σAB or σA˜B˜
σAB =
1
4
[ΓA, ΓB ]
σA˜B˜ =
1
4
[Γ A˜, Γ B˜].
(A.32)
We have of course
[σMN , σRS ] = −[ηNSσMR + ηRNσSM + ηMRσNS + ηSMσRS ]
[σM˜N˜ , σR˜S˜ ] = −[ηN˜ S˜σM˜R˜ + ηR˜N˜σS˜M˜ + ηM˜R˜σN˜S˜ + ηS˜M˜σR˜S˜ ].
(A.33)
Our spinors transform as
Ψ → exp(12εAB σ̂AB)Ψ
or Ψ → exp(12εA˜B˜σA˜B˜)Ψ
εAB = −εBA
εA˜B˜ = −εB˜A˜.
(A.34)
We also have
(σAB)+Γ 4 = Γ 4σAB
(σA˜B˜)+Γ 4 = Γ 4σA˜B˜ .
(A.35)
In our particular cases with or without spontaneous symmetry breaking we get our matrices
using ordinary Dirac matrices and their tensor products with some special matrices. One gets for
covariant derivatives
D˜Ψ = dΨ + 12 ω˜ABσ
ABΨ
D˜Ψ = dΨ + 12 ω˜A˜B˜σ
A˜B˜Ψ.
(A.36)
Moreover, we use as before (see Ref. [9])
gauge
D˜ Ψ = hor D˜Ψ =
gauge
d Ψ + 12 hor(ω˜AB)σ
ABΨ
gauge
D˜ Ψ = hor D˜Ψ =
gauge
d Ψ + 12 hor(ω˜A˜B˜)σ
A˜B˜Ψ
(A.37)
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and also
D˜Ψ = dΨ − 12 ω˜ABΨσAB
or D˜Ψ = dΨ − 12 ω˜A˜B˜ΨσA˜B˜
(A.38)
where
Ψ = Ψ+Γ 4 (A.39)
and similarly
gauge
D˜ Ψ =
gauge
d Ψ − 12 hor(ω˜AB)ΨσAB
or
gauge
D˜ Ψ =
gauge
d Ψ − 12 hor(ω˜A˜B˜)ΨσA˜B˜ .
(A.40)
ω˜AB and ω˜A˜B˜ are Levi-Civita connections defined on P with respect to a symmetric part of
metrics γ(AB) and γ(A˜B˜).
How does an iterative method for a construction of Γ matrices work? Let us suppose we have
ordinary Dirac matrices γµ and let us define
Γ µ = γµ ⊗
(
−1 0
0 1
)
, µ = 1, 2, 3, 4,
Γ 5 = J ⊗
(
0 1
1 0
)
,
Γ 6 = J ⊗
(
0 −i
i 0
)
, J an identity matrix, 4× 4.
(A.41)
Next step
ΓA = ΓA ⊗
(
−1 0
0 1
)
, A = 1, 2, 3, 4, 5, 6,
Γ 7 = I6 ⊗ I6 ⊗
(
0 1
1 0
)
,
Γ 8 = I6 ⊗ I6 ⊗
(
0 −i
i 0
)
, I6 an identity matrix, 6× 6.
(A.42)
For a future convenience let us apply our formalism in 20-dimensional case (i.e. for GSW
model). One gets
{ΓA, ΓB} = 2ηAB (A.43)
ηAB = diag(−1,−1,−1, 1,−1,−1,−1,−1, . . . ,−1︸ ︷︷ ︸
14
) (A.44)
Let us define
ΓA = Γ˜A ⊗ I, 1 ≤ A ≤ 4, (A.45)
ΓA = Γ˜ 5 ⊗ ΓA−4, 4 < A ≤ 20, (A.46)
or
Γ µ = γµ ⊗ I8, 1 ≤ µ ≤ 4, (A.47)
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Γ 5 = γ5, (A.48)
Γ r+4 = γ5 ⊗ Γ r, 1 < r ≤ 16. (A.49)
Γ 21 = −(−i)9 · Γ 1 · · ·Γ 20 = i · Γ 1 · · ·Γ 20 (A.50)
Γ 21 = γ5 ⊗ Γ 17
Γ 17 = (−i)8Γ 1 · · ·Γ 16 = Γ 1 · · ·Γ 16, (A.51)
I8 — identity matrix 8× 8, γµ — 4× 4 matrices as usual, ΓA — 10× 10 matrices.
Appendix B
In this appendix we give some formulas for covariant derivative used by us in the paper (see Refs
[17], [18], [19], [9]). We have
DΨ =
gauge
dΨ + hor(ω˜A˜B˜)σ̂
B˜
A˜Ψ =
(gauge
d Ψ+ ξa˜Ψθ
a˜ + Φaa˜XaΨθ
a˜)+ hor(ω˜αβσ̂βα)Ψ
+ hor(ω˜a˜b˜σ̂
b˜
a˜)Ψ + hor(ω˜
a
bσ̂
b
a)Ψ + hor(ω˜
α
b)σ̂
b
αΨ+ hor(ω˜
a
β)σ̂
β
aΨ+ hor(ω˜
a
b˜)σ̂
b˜
a)Ψ, (B.1)
gauge
dΨ = hor(dΨ),
gauge
d Ψ = hor(dΨ),
DΨ =
gauge
dΨ − hor(ω˜A˜B˜)Ψσ̂B˜A˜ =
(gauge
d Ψ+ ξa˜Ψθ
a˜ − Φaa˜ΨXaθa˜
)− hor(ω˜αβ)Ψσ̂βα
− hor(ω˜a˜b˜)Ψσ̂b˜a˜ − hor(ω˜ab)Ψσ̂ba − hor(ω˜αb)Ψσ̂bα − hor(ω˜a˜b)Ψσ̂ba˜ − hor(ω˜ab˜)Ψσ̂βa. (B.2)
(B.1) and (B.2) cover both cases with and without spontaneous symmetry breaking. For GSW
model in our approach we have
DΨ =
gauge
dΨ + hor(ω˜A˜B˜)σ̂A˜
B˜Ψ =
(gauge
d Ψ+ ∂5Ψθ
5 + ∂6Ψθ
6 + Φ5Ψθ
5 + Φ6Ψθ
6)
+ hor(ω˜αβ)σ̂α
βΨ+ 2hor(ω˜56)σ̂5
6Ψ+ hor(ω˜aβ)σ̂a
βΨ+ hor(ω˜αb)σ̂α
bΨ+ hor(ω˜a5)σ̂a
5Ψ
+ hor(ω˜a6)σ̂a
6Ψ+ hor(ω˜5b)σ̂5
bΨ+ hor(ω˜6b)σ̂6
bΨ+ hor(ω˜ab)σ̂a
bΨ (B.3)
DΨ =
gauge
d Ψ− hor(ω˜A˜B˜)Ψσ̂A˜B˜ =
(gauge
d Ψ+ ∂5Ψθ
5 + ∂6Ψθ
6 −ΨΦ5θ5 −ΨΦ6θ6
)
− hor(ω˜αβ)Ψσ̂αβ − 2 hor(ω˜56)Ψσ̂56 − hor(ω˜aβ)Ψσ̂aβ − hor(ω˜αb)Ψσ̂αb − hor(ω˜a5)Ψσ̂a5
− hor(ω˜a6)Ψσ̂a6 − hor(ω˜5b)Ψσ̂5b − hor(ω˜6b)Ψσ̂6b − hor(ω˜ab)Ψσ̂ab. (B.4)
ω˜A˜B˜ is a Levi-Civita connection generated by a symmetric part if a tensor γ(A˜B˜) on P . ω˜
α
β is a
Levi-Civita connection generated by g(αβ) on a space-time E. We have also a covariant derivative
of spinors on a sphere S2. One gets
∇˜5Ψ = ∇˜ψΨ = ∂
∂ψ
Ψ+ Γ˜ 6
5
ψσ̂5
6Ψ+ Γ˜ 5
6
ψσ̂6
5Ψ (B.5)
∇˜6Ψ = ∇˜ϕΨ = ∂
∂ϕ
Ψ+ Γ˜ 6
5
ϕσ̂5
6Ψ+ Γ˜ 6
5
ϕσ̂6
5Ψ (B.6)
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∇˜5Ψ = ∇˜ψΨ = ∂
∂ψ
Ψ−Ψσ̂56Γ˜ 56ψ −Ψσ̂65Γ˜ 56ψ (B.7)
∇˜6Ψ = ∇˜ϕΨ = ∂
∂ϕ
Ψ−Ψσ̂56Γ˜ 56ϕ −Ψσ̂65Γ˜ 65ϕ (B.8)
Γ˜ 65ϕ and so on are Christoffel symbols for a connection on S
2. One gets
Γ˜ 566 − sinψ cosψ
Γ˜ 656 = Γ˜
6
65 = cotψ.
(B.9)
The remaining Christoffel symbols are zero. A metric tensor on S2 is defined
g(a˜b˜) = r
2
(
−1 0
0 − sin2 ψ
)
(B.10)
and the inverse of g(a˜b˜):
ga˜b˜ =
1
r2
(
−1 0
0 − 1
sin2 ψ
)
.
Appendix C
In this appendix we give some elements of the Atiyah–Singer index theorem (see Refs [70], [71]).
The Atiyah–Singer index theorem gives an equality between two types of indexes of an elliptic
operator defined on a compact manifold X. The first is known as an analytical index and the
second as a topological index. An analytical index for an elliptic operator D is defined as follows
Index(D) = dimKer(D)− dimCoker(D) = dimKer(D)− dimKer(D+) (C.1)
where D+ is an adjoint operator for D.
Ker(D) is defined as the space of solutions
Df = 0. (C.2)
D is of course a differential operator between two smooth vector bundles E,F on a compact
manifold X,
D : E → F. (C.3)
A topological index of an elliptic differential operator is given by
Topological index(D) = (−1)n〈ch(s(D)) · Td(TCX), [X]〉 (C.4)
where n is the dimension of the manifold X, s(D) is the symbol of the operator D, ch is the
Chern character, TCX is the complexified tangent bundle of X, “·” is the cup product, [X] is a
fundamental class of X and
〈ω, [X]〉 =
∫
X
ω. (C.5)
If the operator D is given by the formula
D =
∑
|α|≤m
aα(x)D
α, Dα =
∂α1
∂xα11
· ∂
α2
∂xα22
· · · ∂
αn
∂xαnn
, α = (α1, . . . , αn), (C.6)
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s(D) is given by
s(D)(x, p) =
∑
|α|=m
aα(x)p
α. (C.7)
In this way (C.4) is defined in pure topological terms. The index theorem states that both indexes
are equal. We also have
Index(D) = Tr(e−tD
+D)− Tr(e−tDD+), t ∈ R. (C.8)
The differential operator D has a pseudoinverse which is a Fredholm operator.
In our case D is
(int)
D/ defined on a compact group manifold. It means it is a Dirac operator.
Due to the index theorem an analytical index is equal to a topological invariant. Thus any smooth
deformation of D cannot change the value of the index. This means that any type of smooth
Levi-Civita (or even metric) connection on X is not able to change the value of an index if we
change
∂a → ∇˜a. (C.9)
This is valid also if we introduce a nontrivial “gauge” derivative
∂a →
gauge
∇a (C.10)
or even both derivatives at once
∂a →
gauge
∇˜a . (C.11)
This allows us to pose a problem of chiral fermion in our theory on a stable mathematical ground
which we do in the paper (see Refs [57], [58], [59], [60], [61], [62]).
For in our theory we have to do with group manifolds (G, H or G2) we can consider X̂a
(differential operators on the manifold, i.e. left invariant vector fields) in the place of ∂a. In this
way we have to do with anholonomic frame (a group in general is non-Abelian) and in the place
of ∂a we have X̂a. The covariant derivatives ∇˜a,
gauge
∇a or
gauge
∇˜a are defined in this anholonomic
frame. Moreover, the zero modes condition should be redefined in the following way
Γ aX̂aΨ = 0. (C.12)
Thus we have to do with a smooth deformation of condition (5.4). This is true also in the case of
covariant derivative written in an anholonomic frame.
Due to the index theorem this does not change a value of a topological index because it results
in a smooth deformation of a differential operator. In particular, the space of Φi or Φ̂i functions
will be the same. Moreover, we have a gauge condition (C.12) for our spinor fields.
Conclusions
In the paper we consider a problem of a geometrical coupling of fermions to the bosonic unification
of fundamental interactions including gravity. We get Yukawa term in the case of spontaneous
symmetry breaking and Higgs’ mechanism. The further research consists in placing of existing
fermion families in the scheme, possibly getting some predictions of new kind of fermions and their
masses and mixing angles. In the case of the Nonsymmetric Kaluza–Klein Theory we consider
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also a different approach (see Refs [21], [72], [31]). However, now we consider the present one as
more interesting.
Let us give the following comment. The standard Kaluza–Klein Theory uses a Levi-Civita
connection on a naturally metrized gauge principale fiber bundle (see Ref. [73]). The Nonsymmet-
ric Kaluza–Klein Theory uses non-Riemannian affine connection on a nonsymmetrically metrized
gauge principal fiber bundle (see Ref. [1]). Both geometries are different. Moreover, there is
a connection between these two theories via Bohr correspondence principle because an affine
connection of the Nonsymmetric Kaluza–Klein Theory contains a Levi-Civita part. In this way
if the skewsymmetric part of the metric is zero, it collapses to standard Kaluza–Klein Theory
(roughly speaking). The fermion fields in the standard Kaluza–Klein Theory (as in our previous
papers) are coupled via new types of gauge derivatives which are horizontal parts of exterior
covariant derivatives of Levi-Civita connection on a metrized gauge principal fiber bundle. We
do not consider here (i.e., in standard Kaluza–Klein Theory) zero modes of Dirac operator for
fermion fields on a group manifold. In the case of the Nonsymmetric Kaluza–Klein Theory we
couple zero modes of the fermion fields via the same new types of gauge derivatives as in standard
Kaluza–Klein Theory. Moreover, in the case of the Nonsymmetric Kaluza–Klein Theory with
spontaneous symmetry breaking and Higgs’ mechanism we are getting completely new results in
comparison to the standard one. This is due to the more complicated structure of spontaneous
symmetry breaking and Higgs’ sector going to more extended Yukawa coupling for fermions. In
the simplest case considered here by us (i.e. bosonic part of GSW model in the Nonsymmetric
Kaluza–Klein Theory) we get Yukawa coupling for fermions and a theory with masses of W±, Z0
and Higgs’ boson agreed with an experiment. This is impossible in the standard (symmetric)
Kaluza–Klein Theory.
We think that this comment could give a clear statement what distinguishes the Nonsymmetric
Kaluza–Klein Theory from standard Kaluza–Klein Theory, and in what respect the fermion part
is different.
In 1977 we considered an idea to use a torsion of a connection defined on a fiber bundle
manifold (6-dimensional, or (n + 5)-dimensional, where n is a dimension of a gauge group). The
bundle has been defined over a metrized electromagnetic bundle (a bundle over a bundle). The
metrization has been achieved according to the Trautman–Tulczyjew idea (see Ref. [73]). We
wanted to geometrize Higgs’ field, spontaneous symmetry breaking and Higgs’ mechanism.
This idea has been developed further in order to get self-interaction terms in a scalar curvature
derived for a metric connection (moreover, with non-vanishing torsion) for a Higgs’ field. The
Higgs’ field has been interpreted as A5 (the fifth coordinate of an electromagnetic potential). If
we suppose that A5 = Q (a scalar field) generates a torsion of a connection on a metrized fiber
bundle we get a self-interacting potential of the scalar field Q. The torsion should have a special
dependence on the scalar field Q (a Higgs’ field). We considered also (n + 5)-dimensional case
with a multiplet of scalar fields Qa, where Qa = Aa5 is a part of a gauge field over additional
dimensions. We abandon this idea as useless and do not develop it further. Moreover, an idea of
A5, A
a
5 as Higgs’ fields is correct and it was developed in our future papers.
This is a historical remark.
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